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COMPLEXITY OF VARIANTS OF TSENG’S MODIFIED F-B
SPLITTING AND KORPELEVICH’S METHODS FOR
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SADDLE-POINT AND CONVEX OPTIMIZATION PROBLEMS*
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Abstract. In this paper, we consider both a variant of Tseng’s modified forward-backward
splitting method and an extension of Korpelevich’s method for solving hemivariational inequalities
with Lipschitz continuous operators. By showing that these methods are special cases of the hybrid
proximal extragradient method introduced by Solodov and Svaiter, we derive iteration-complexity
bounds for them to obtain different types of approximate solutions. In the context of saddle-point
problems, we also derive complexity bounds for these methods to obtain another type of an approx-
imate solution, namely, that of an approximate saddle point. Finally, we illustrate the usefulness of
the above results by applying them to a large class of linearly constrained convex programming prob-
lems, including, for example, cone programming and problems whose objective functions converge to
infinity as the boundaries of their effective domains are approached.
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1. Introduction. A broad class of optimization, saddle-point (SP), equilibrium,
and variational inequality (VI) problems can be posed as the monotone inclusion
problem, namely, finding = such that 0 € T'(z), where T is a maximal monotone
point-to-set operator. The proximal point method, proposed by Rockafellar [18], is a
classical iterative scheme for solving the monotone inclusion problem which generates
a sequence {zy} according to

zp = (MT + 1) Hwp—1).

It has been used as a generic framework for the design and analysis of several im-
plementable algorithms. The classical inexact version of the proximal point method
allows for the presence of a sequence of summable errors in the above iteration, i.e.,

2k — (MT + )" (zpo1)|| < ex, Zek < 0.
k=1

Convergence results under the above error condition have been established in [18] and
have been used in the convergence analysis of other methods that can be recast in the
above framework.
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New inexact versions of the proximal point method with relative error tolerance
were proposed by Solodov and Svaiter [19, 20, 22, 21]. Iteration-complexity results
for one of these inexact versions of the proximal point method introduced in [19],
namely, the hybrid proximal extragradient (HPE) method, were established in [9]. As
a consequence, iteration-complexity results for Korpelevich’s extragradient method for
VIs with Lipschitz continuous monotone operators, and a variant of Tseng’s modified
forward-backward splitting (MF-BS) method (see [24]) for finding a zero of the sum of
a monotone Lipschitz continuous map with an arbitrary maximal monotone operator
whose resolvent is assumed to be easily computable, were also derived by showing that
both methods are special cases of the HPE method. A nice feature of the analysis
in [9] is that, by working with some suitable termination criteria, it is shown that its
complexity results, as opposed to those in [10], also apply to VI and/or monotone
inclusion problems with unbounded feasible sets.

In this paper we continue along the same line of investigation as in our previous
paper [9], which is to use the HPE method as a general framework to derive iteration-
complexity results for specific algorithms for solving various types of structured mono-
tone inclusion problems. More specifically, we will derive iteration-complexity results
for an extension of Korpelevich’s extragradient method for hemivariational inequality
(HVI) problems and a variant of Tseng’s MF-FB method for the problem of finding
a zero of the sum of a maximal monotone operator and a monotone Lipschitz con-
tinuous map whose domain is not necessarily the whole space R", thereby relaxing
the conditions assumed in our first paper [9]. We also derive iteration-complexity
results for these two methods in the context of the SP problem using an error mea-
sure specifically tailored to it. In addition, we discuss applications, as well as the
complexity, of these two methods to the problem of minimizing the sum of a convex
function with Lipschitz continuous gradient and a closed convex (not necessarily dif-
ferentiable) function in an affine manifold. Finally, we point out how these methods
can be used to solve particular instances of the above problem, including one whose
objective function converges to infinity as the boundary of its domain is approached.

Previous papers dealing with iteration-complexity analysis of methods for VIs
are as follows. Nemirovski [10] studies the complexity of Korpelevich’s extragradient
method under the assumption that the feasible set is bounded and an upper bound
on its diameter is known. Nesterov [13] proposes a new dual extrapolation algorithm
for solving VI problems whose termination depends on the guess of a ball centered at
the initial iterate.

Asymptotic convergence rate results for extragradient-type methods are thor-
oughly discussed in [5, 7, 23]. The generalized Korpelevich’s method discussed in this
paper is well known (see, for example, Noor [14]), but to the best of our knowledge
its iteration complexity has not been studied so far. Konnov [6] also has proposed
a combined forward-backward splitting and hyperplane projection iteration method
closely related to Tseng’s MF-BS method in that they differ only in the stepsize used
in the extragradient step. In addition, Konnov has established linear convergence
rates under some strong regularity assumptions on the data functions.

This paper is organized as follows. Section 2 contains two subsections. Subsec-
tion 2.1 reviews some basic definitions and facts on convex functions and the definition
and some basic properties of the e-enlargement of a point-to-set operator. Subsec-
tion 2.2 reviews the HPE method and its complexity results. Section 3 contains two
subsections. Subsection 3.1 reviews the HVI problem and associated error measures.
Subsection 3.2 discusses the generalized SP problem, an associated error measure,
and its relationship with the error measures of subsection 3.1. Section 4 contains
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two subsections. Subsection 4.1 discusses a generalization of Korpelevich’s method
to the context of the HVI problem and presents corresponding pointwise and ergodic
complexity results. Subsection 4.2 discusses a variant of Tseng’s MF-BS method and
derives complexity bounds for it. Section 5 discusses the specialization of T'seng’s MF-
BS algorithm and the generalized Korpelevich’s method to SP problems and derives
iteration complexity based on the error criterion for SP introduced in subsection 3.2.
Section 6 contains three subsections. The first two discuss ways of applying Tseng’s
MF-BS method to two possible reformulations of a certain structured convex opti-
mization problem and presents corresponding iteration-complexity results. Subsection
6.3 briefly discusses applications to some specific but important convex optimization
problems.

Notation. Throughout this paper, we let R™ denote an n-dimensional space with
inner product and induced norm denoted by (-, -) and || - ||, respectively. The domain
of a function F' is denoted by Dom F. The effective domain of a function f : R" —
[—00, 0] is defined as dom f := {z € R" : f(z) < oo}.

2. Technical background. This section contains two subsections. In the first
one, we review some basic definitions and facts about convex functions and e-enlarge-
ment of monotone multivalued maps. This subsection also reviews the weak trans-
portation formula for the e-subdifferentials of closed convex functions and the e-
enlargements of maximal monotone operators, and establishes a weak transportation
formula for convex-concave saddle functions. The second subsection reviews the HPE
method and the basic complexity results obtained for it in [9].

2.1. The e-subdifferential and e-enlargement of monotone operators.
A point-to-set operator T : R™ == R" is a relation 7' C R™ x R", and

T(z)={veR"|(z,v) €T}

Alternatively, one can consider T' as a multivalued function of R™ into the family
o(R™) = 2(®") of subsets of R™. Regardless of the approach, it is usual to identify T
with its graph defined as

Gr(T) ={(z,v) e R" xR" | v € T(x)}.
The domain of T, denoted by Dom T, is defined as
DomT :={z e R" : T(x) # 0}.
An operator T : R® = R"™ is monotone if
(v—"0,2—2) >0 Y(z,v),(Z,0) € Gr(T),

and T is mazimal monotone if it is monotone and maximal in the family of monotone
operators with respect to the partial order of inclusion, i.e., S : R”™ = R"™ monotone
and Gr(S) O Gr(T) implies that S =T.

For a scalar € > 0, the e-subdifferential of a function f : R™ — R is the operator
Ocf : R™ = R™ defined as

(1) Oef(x) = {v| f(y) = f(@) + (y—z,v) —e Vy € R"} Va € R™.

When ¢ = 0, the operator 0. f is simply denoted by Of and is referred to as the
subdifferential of f. The operator df is trivially monotone if f is proper. If f is a
proper lower semicontinuous convex function, then df is maximal monotone [16].
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The conjugate f* of f is the function f*: R™ — [—o00, 00| defined as

f*(s) = sup (s,z) — f(x) VseR™
rER™
The following result lists some useful properties about the e-subdifferential of a
proper convex function.
PROPOSITION 2.1. Let f : R" — R be a proper convex function. Then,
(a) O:f(z) C (0f)%(x) for any e >0 and x € R™;
(b) if v € Of(x) and f(y) < oo, then v € O:f(y), where ¢ := f(y) — [f(z) +
<y -, U>] . _
The indicator function of a set X C R™ is the function dx : R™ — R defined as

X
5X($):{0’ ve

oo otherwise,

and the normal cone operator of X is the point-to-set map Nx : R™ = R"” given by

- @7 x¢X7
(2) NX(x)_{{veRn|<y—x,v><0V96X}ﬂ x € X.

Clearly, the normal cone operator Nx of X can be expressed in terms of dx as
Nx = 0dx.

In [3], Burachik, Iusem and Svaiter introduced the e-enlargement of maximal
monotone operators. In [9] this concept was extended to a generic point-to-set op-
erator in R" as follows. Given T : R™ = R™ and a scalar ¢, define T¢ : R” = R"
as

3B) T(x)={wveR"|{(x—F,v-—0)>— VZeR", YoeT(Z)} VreR™

The following result states two useful properties of the operator T¢ that will be
needed in our presentation.

PROPOSITION 2.2. Let T, 7' : R® = R™. Then,

(a) T¢(z) + (T") (x) C (T +T")=+<'(z) for every z € R™ and ,&' € R;

(b) T is monotone if and only if T C T°.

2.2. The hybrid proximal extragradient method. This subsection reviews
the HPE method and the basic complexity results obtained for it in [9].

Let T : R™ = R"™ be a maximal monotone operator. The monotone inclusion
problem for T" consists of finding x € R™ such that

(4) 0eT(x).

We also assume throughout this section that this problem has a solution, that is,
T-10) # 0.

We next review the HPE method introduced in [19] for solving the above problem
and state the iteration-complexity results obtained for it in [9].
Hybrid Proximal Extragradient (HPE) Method:

(0) Let zp € R™ and 0 < o < 1 be given, and set k = 1.

(1) Choose A, > 0, and find Zy, 0y, € R™, oy € [0,0], and e > 0 such that

(5) v € Tk (ik), ||/\k’t~)k + T — xk_1||2 + 2Xper < U,%Hi’k — xk_le.

(2) Define xy = x—1 — A\g0x, set k < k+ 1, and go to step (1).
end
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We now make several remarks about the HPE method. First, the HPE method
does not specify how to choose A\ and how to find Zy, Uk, and € as in (5). The
particular choice of Ay and the algorithm used to compute Z, Uk, and &5 will depend
on the particular implementation of the method and the properties of the operator T'.
Second, if & := (A, T + I)~taj_1 is the eract proximal point iterate or, equivalently,

(6) v e T(Z),
(7) MU+T—x_1=0

for some v € R"™, then (Zx,0x) = (Z,0) and e = 0 satisfies (5). Therefore, the error
criterion (5) relaxes the inclusion (6) to ¢ € T°(Z) and relaxes (7) by allowing a small
error relative to || T — xg—1]|-

We now state a few results about the convergence behavior of the HPE method.
The proof of the following result can be found in Lemma 4.2 of [9].

PROPOSITION 2.3. For any x* € T~1(0), the sequence {||z* — x|} is nonincreas-
ing and

(8) lz* = zol* > (1= 0®) Y || — w1
k=1

The proof of the following result, which establishes the convergence rate of the
residual (0, ey) of zx, can be found in Theorem 4.4 of [9].

THEOREM 2.4. Let dy be the distance of o to T~=(0). Then, for every k € N,
U € T (1) and there exists an index i < k such that

N 140 1 o?d2\;
(9) |:]] < do 1_(7( k 2), g < 2011@ 5
Zj:l Aj 21-0 )Zj:l Aj
Theorem 2.4 estimates the quality of the best among the iterates Zi,...,Tk.
We will refer to these estimates as the pointwise complexity bounds for the HPE

algorithm.

We will now describe alternative estimates for the HPE method which we refer
to as the ergodic complexity bounds. The idea of considering averages of the iterates
in the analysis of gradient-type and/or proximal-point-based methods for convex
minimization and monotone VIs goes back to at least the mid 1970s (see [2, 8, 12, 11])
and perhaps even earlier.

The sequence of ergodic means {Z{} associated with {Z} is

k k
2a . 1 vt .
(10) g = A, ;)\ixi, where Ay = ;)\1
Define also
1 & 1 &
(11) 7 = = ;AU €9 = = ;/\i(ai+<5zi — F0, 0 — ).

The following result describes the convergence properties of the ergodic sequence

{z°}.
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THEOREM 2.5. For every k € N,

(12) 0<5a<i[2<;ﬁa—x xp — xo) — || —x|\2}<2Ld%
S S op & — L0, Tk — Z0 BTl =

and

~a ]. @, q - 2d0

U = A_k(xo —ax) € T7(Zg), logll < .
where dy is the distance of zo to T~1(0), and

o\/Tk Ai

1 =14+ —— = — <1
(13) Mk + ok e = mex o <

Proof. This result follows immediately from Proposition 4.6 and the proof of
Theorem 4.7 of [9]. a

3. HVI and SP problems. In this section, we describe the two classes of prob-
lems that we will deal with in this paper, namely, the HVI problem and the generalized
SP problem. We will also discuss error measures in the context of these problems that
will be used later in the complexity results of sections 4 and 5.

We first give two preliminary definitions.

DEFINITION 3.1. For a constant L > 0, the map F : Dom FF C R" — R" is said
to be L-Lipschitz continuous on Q@ C Dom F if |[F(x) — F(Z)|| < L||x — &|| for every
z,Z € Q. When Q2 = Dom F we simply say that F' is L-Lipschitz continuous.

DEFINITION 3.2. F: Dom F C R" — R" s said to be monotone on Q2 C Dom F
if Flq is monotone in the sense of subsection 2.1, i.e., (F(x) — F(Z),z — &) > 0 for
every x,Z € Q). When Q@ = Dom F' we simply say that F is monotone.

3.1. The HVI problem and associated error bounds. The HVI problem
consists of the inclusion problem

(14) 0 € T(z) := (F + dg)(),

where the following conditions are assumed to hold:

(K.1) g is a closed proper convex function g : R™ — [—00, o0];

(K.2) F:Dom(F) — R™ is monotone on cl(dom g) C Dom F;

(K.3) F is L-Lipschitz continuous on cl(dom g);

(K.4) the solution set of (14) is nonempty.

We now make a few observations about (14). First, the above assumptions to-

gether with Proposition A.1 imply that 7' : R™ = R" is a maximal monotone operator.
Second, = € R™ is solution of (14) if and only if € dom g and

(15) 9(y) —g(@)+ (y—z, F(z)) 20 vyeR"

Due to the above interpretation, the inclusion problem (14) is also known as the
HVI problem associated with the pair (F,g). In the following, we will denote it by
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HVI(F,g). Third, under condition (K.2) and the condition that F' is continuous on
its domain, (15) is known to be equivalent to

(16) g(y) —g(x) +{y—z,F(y)) >0 VyeR"

Fourth, when g = dx for some nonempty closed convex set X C R"™, the above
problem reduces to the monotone VI problem VI(F; X), i.e., the problem of finding
x € X such that

(y—x,F(z)) >0 VyecX.

We will now discuss different notions of error measures for the above problem.
First, we introduce two notions of approximate solutions for problem (14) which are
essentially relaxations of the characterizations (15) and (16) of a solution of (14).

DEFINITION 3.3. A point x € dom g is an e-strong solution of (14) if

(17) 9(y) —g(z) +(y — 2, F(z)) > —e Vy € domyg
and is an e-weak solution of (14) if
(18) 9(y) —9(@)+ (y—z,F(y)) = —¢ Vy € domg.

Define also 0°(x; F,g) and 0% (x; F,g) as the smallest € satisfying (17) and (18),
respectively, namely,

(19) 0°(x; F, g) == yesdli%gg(w) —g(y) + (z —y, F(z)),
(20) 0 (x; F,g) := Sup g(x) = g(y) + (z — y, F(y)).

Observe that if g = dx, then the above functions reduce to the gap function and
the absolute value of the dual gap function mentioned in [4]. Clearly, 6°(z; F, g) and
0% (x; F, g) are nonnegative for every x € dom(g). Note also that, under assumption
(K.2), we have 0 < §%(z; F, g) < 0°(x; F, g) for every « € dom g, and hence every e-
strong solution is also an e-weak solution. For a detailed discussion on error measures
for HVI, we refer the reader to Patriksson [15].

For variational inequalities VI(F, X), i.e., problem (14) with ¢ = §x, with un-
bounded feasible sets X, the above notions of approximate solutions are too strong.
For example, if X = R™, the set of e-strong solutions agrees with the solution set.
The following definition relaxes the above notions.

DEFINITION 3.4. A point x € dom g is a (p,€)-strong solution (resp., (p,€)-weak
solution) of (14) if there exists r € R™ such that ||r|| < p and x is an e-strong (resp.,
e-weak) solution of HVI(F —r;g), that is,

(21) O°(x; F —r,g) <e, (resp., 0 (x;F —r,g)<e).

Moreover, any such pair (r,e) will be called a strong (resp., weak) residual of x for
HVI(F,g).
Given z € dom g and ¢ > 0, define

)

(22) re(z; F,g) == c [x - (I + %ag) - <x - %F(@)

(28)  bulasFg) = sup g(a) = 9(y) + o~y F@) = lly - 2l
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It is well known that € R™ is a solution of (14) if and only if 6.(x; F,g) = 0,
both of which are also equivalent to r.(x; F,g) = 0. Hence, 0.(x; F, g), or the size
of re(x; F, g), can be used as an error measure for x. Clearly, since g(y) = oo for all
y ¢ dom g, the above supremum can be equivalently taken with respect to y € dom g.

The following result describes some important relationships between the different
error measures introduced in this section, as well as the e-subdifferential of g and/or
the e-enlargement of F' + Jg.

PRroPOSITION 3.5. Let x € domg. Then,

(a) (r,e) is a strong residual of x for HVI(F, g) if and only if r € F(x)+ 0-9(z);

(b) if (r,e) is a weak residual of x for HVI(F,g), then r € (F + 0g9)%(x);

(c) if r € (F + dgen)(z) and & + " < e, then (r,€) is a weak residual of x for

HVI(F,g).
(d) if ¢ > 2L, then 0.(x; F,g) < 6¥(x; F, g).
(e) if (r,€) is a strong residual of x for HVI(F, g), then, for any ¢ > 0,

1
(24) Oc(@; Fg) < o |Irl* +&;

moreover, for any fized ¢ > 0, there exists a unique strong residual (r,e) of
x for HVI(F,g) for which equality holds in (24), namely, the pair (r,e) =
(re(z; Fg),ec(w; F,g)), where

(@ F,g) = g(x)—g(ye)—(x — Yo, 7e — F(x)) >0,  yo:=az—c 're(a; Fg).

Proof. See Propositions C.1 and C.2 and Theorem C.3 in Appendix C for a proof
of this result. o

The following result shows that if one knows that = is a (p/v/2, £/2)-strong solution
of HVI(F,g) without an explicit certificate (r,e) to back up this knowledge, then it
is possible to explicitly construct such a certificate for a slightly larger tolerance, i.e.,
(p,€).

PROPOSITION 3.6. If z € domg is a (p/\/2,¢/2)-strong solution of HVI(F,g)
and ¢ := p*/(2¢), then the pair (rz(x; F, g),cz(x; F, g)) is a strong residual of x for
HVI(F,g) satisfying the estimates

re(z; F,g)|| < p, ex(w; Flg) <e.

Proof. See Proposition C.4 in Appendix C for a proof of this result. O

It follows from the observation in the paragraph following (20) that, under as-
sumption (K.2), every strong residual (r,e) of = for HVI(F, g) is also a weak residual
of x for HVI(F,g). We will now state a sort of a converse of this claim whose proof
is given in Proposition C.5 in Appendix C.

PROPOSITION 3.7. If condition (K.3) holds and (r,€) is a weak residual of x for
HVI(F,g), then, for any positive scalar ¢ > 2L, the vector

re i =rc(x; F =1 g)

satisfies ||re|| < v/2ce, and the pair (r+71.,€) is a strong residual of x for HVI(F, g).

We will now present a result which will be useful in obtaining sharper iteration-
complexity bounds for the sequence of ergodic means generated by the algorithms
discussed in section 4. First, we introduce the following constant associated with a
Lipschitz continuous map.
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DEFINITION 3.8. For a map F' : DomF C R™ — R"™ which is monotone on
X C DomF, let N(F; X) be the infimum of all L > 0 such that there exist an L-
Lipschitz monotone map G : X — R™ and a monotone affine map A : R™ — R" such
that

F(z) =G(z) + Alz) VreX.

We now make a few observations about the above definition. Clearly, if F is
a monotone affine map, then N (F;X) = 0 for any X C R™. Note also that if F'
is monotone and L-Lipschitz on X, then AV(F;X) < L. We note, however, that
N(F; X) can be much smaller than L for many relevant instances. For example, if
F = G+pA, where 1 > 0, A is a monotone affine map, and the map G : Dom G — R™
is monotone and L-Lipschitz on X C Dom G, then we have N'(F; X) < L. Hence, in
the latter case, N'(F'; X) is bounded by a constant which does not depend on y, while
the Lipschitz constant of F' with respect to X converges to co as y — 0o, as long as
A is not constant.

We are now ready to state the aforementioned result.

THEOREM 3.9. Assume that conditions (K.1)—(K.3) listed in subsection 4.1 hold.
Let z;,v; € R™ and €;,; € Ry, fori=1,... k, be such that

k

(25) vi € (F+0.,9)(x;), i=1,...,k, dai=1,
=1

and define

(26)

k k k k
¢ = Zaixi, vt = Z v, ' = Z a;lei + (z; — 2%, v)], F*:= Z a; F(x;).
i1 i=1 i=1 =1

Then, the following statements hold:
(a) €* >0, and (v*,e%) is a weak residual of x* for HVI(F,g);
(b) for every ¢ > 2N (F;dom g), the vector r. := r.(z% F —v%, g) satisfies ||r|| <
V2¢e%c, and the pair (vV* + r.,e%) is a strong residual of x* for HVI(F,g);
(¢) if Q is a closed convex set such that domg C Q C Dom F, then, for every
c > 2N(F;Q), the vector

(27) o i=1.(2% F — F%6q) = c[z® — Po(2® — ¢ Y (F(2*) — F%))]

satisfies ||| < V2e%, and the pair (v* + T, %) is a strong residual of x®
for HVI(F,g).
In particular, there exists v € R™ such that v* + 1 € (F + 0eag)(z®) and ||r|| <
2\/e*N(F;domg).

3.2. The generalized SP problem and associated error bounds. In this
subsection, we describe the generalized SP problem and its reformulation as a problem
as in (14). Hence, the generalized Korpelevich’s extragradient method or the variant
of Tseng’s MF-BS algorithm can be used to approximately solve this problem and
iteration-complexity results similar to those derived at the beginning of this section
apply. In this subsection, we also describe a different notion of an approximate solution
for the generalized SP problem, i.e., that of an approximate saddle point, and establish
an iteration-complexity result to obtain such solution.
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We first introduce a few definitions. Let ¥ : dom ¥ C R™ x R™ — R, and let two
proper closed convex functions g, : R™ — [—00,00] and g, : R™ — [—00, 00] be such
that dom g, x dom g, C dom V¥ be given. Also, define

X = dorngT7 Y = domgy,
and the function ¥ : R™ x R™ — [—00, 00| as

R V(2,y) + g2(2) — gy (y), (2,y) € X XY,
(28) U(z,y) = { oo, ¢ X,
—00, reX,yey.

The generalized SP problem determined by the triple (¥; ¢4, gy), which we denote by
GSP(V; gs, gy), consists of finding a pair (z,y) € X x Y such that

@(x,y’) < \Tl(x,y) < \Tl(x’,y) V(z',y') e X x Y.

For a fixed map U, each pair (g, g,) determines a different SP problem. The case
where g, = dx and g, = dy yields the standard SP simply by SP(¥; X x Y).

DEFINITION 3.10. The pair (z,y) € X XY is called an e-saddle point of
GSP(\IJ;gwagy) if

O (2, 9): U, g, 9,) = sup{¥(a,y') = ¥(a',y) : (') € X x Y} <.

The function 6°P(-; ¥, g,, gy) is also known as the gap function associated with
SP(¥;gs,9y) in that it can be viewed as the difference between a primal function
p(-) = p(;¥,92,9y) : X — R and a dual function d(-) = d(-,¥;gz,94) : ¥ — R
defined as

p(r) = SUI;)/ U(z,y' )+ g(z) — gy(y)) Vx e X,
y'e

dly) = inf 9(a'y) +9:(2") —gy(y) Vyey.

Clearly, (x,y) is an e-saddle point of GSP(¥; g, gy) if and only if (z,y) € X xY
and (0,0) € 9.[¥(-,y) — U(z,-)](x,y). Moreover, 6 ((z,y); U, gz, gy) is the smallest
€ > 0 satisfying one of these two equivalent conditions. More generally, we can
introduce the following more general definition of an approximate saddle point for
GSP(V; gz, gy)-

DEFINITION 3.11. The pair (z,y) € X XY is called a (p,e)-saddle point of
GSP(Y;gs,gy) if there exist a pair r = (ry,ry) € R™ x R™ such that ||r| < p and
(x,y) is an e-saddle point of GSP(¥,; gz, gy), where ¥, : dom ¥ — R is defined as

(29) U, (2, y) =V (2 y) + <(—rm,ry), (x',y')> V(2',y') € dom W.

Moreover, any such pair (r,e) will be called an SP-residual of (x,y) for GSP(¥,; ga, 9y)-
For the sake of future reference, we state the following simple result without proof.
PROPOSITION 3.12. For a point (z,y) € X XY, the pair (r,e) = ((r4,7y),€)

is an SP-residual of (x,y) for GSP(V,; ga, 9y) if and only if (ry,ry) € 85[@(-,34) -

\IJ(QJ, )](33, y)

In the following, we will discuss the close connection between GSP(¥; g,, g,) and

a related HVI problem and, as a by-product, the specializations of the algorithms dis-

cussed in section 4 to GSP(V; g5, gy). We first need to make some assumptions on ¥:
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(S.1) dom ¥ is open, ¥ is differentiable, and dom ¥ D cl(X x Y);
(S.2) the function ¥(-,y) — ¥(z,-) : cl(X xY) — R is convex for every (z,y) €
(X % Y);
(S.3) VU is L-Lipschitz continuous.
Define the functions F : dom ¥ — R and g : R" x R™ — [—o0, 00] as

(30) F(ﬂi,y) = (lell(x,y), —Vy\p(ﬂi,y)), g(x,y) = gm(m) + gy(y)

PROPOSITION 3.13. Assume that U satisfies conditions (S.1) and (S.2), and
consider the functions F' and g defined according to (30). Then,

B 6%((z,y); F,g9) < 0P((2,9); ¥, 9, 9y)) < 0°((2,9); Frg)  V(z,y) € X X V.

Equivalently, every e-strong solution (x,y) € X XY of HVI(F}; g) is an e-saddle point
of GSP(¥; gz, gy), and the latter is always an e-weak solution of HVI(F';g).

Proof. To prove the first inequality in (31), assume that (z,y) is an e-saddle point
of GSP(¥; g,,gy). Then, using relations (28) and (30) and the assumptions (S.1) and
(S.2), we conclude that for every (2/,y’) € X x Y, we have

y) = U(z,y) = [U(2',y) + gu(a’) — gy (y)] — [¥(z,9) + gu(@) — gy ()]
(x,y U(z,y")] + g, y") — g(x,y)
= [U(a',y) — Uz y')] + [(—

N+ ‘1’)( y) — (=0) (", )]+ g2, y) — g(x,y)
(VL U(2 ), 2" —2) + (=V, U2, y),y —y) +9(2' ) — gz, y)
= (F(',y), (" y) = (z,9)) +g ( y') —g(z,y),

which clearly implies that (z,y) is an e-weak solution of HVI(F;g) in view of Defi-
nition 3.3.

To show the second inequality in (31), set e = 0°((x,y); F,g) and observe that
(0,0) € F(z,y) + 0-9(x,y). Using the fact that

F(x,y) € a[\If|XXy(-,y) - \IJ|X><Y(CC7 )](x,y),

we then conclude that

(0,0) € I[¥|xxy (-y) = Ylxxv (@, )(z,y) + O-9(z,y)
C O [U(y) — Uz, ) + g)(2,) = 0 [U(-,y) — V(z, )] (x,y),

and hence that 0°7((z,y); ¥, g5, gy) < € = 6°((z,y); F, 9). O

4. Variants of Korpelevich’s and Tseng’s MF-BS methods. In this sec-
tion, we present two algorithms for solving special types of monotone inclusion prob-
lems. The first, discussed in subsection 4.1, is an extension of Korpelevich’s method
for solving the inclusion problem (4), where T is the sum of a Lipschitz continuous
map and the subdifferential of a closed convex function. The second, discussed in
subsection 4.2, is a variant of Tseng’s MF-BS method for solving the inclusion prob-
lem (4), where T is the sum of a Lipschitz continuous map and a maximal monotone
operator. We show that both methods are special cases of the HPE method and, as a
consequence, derive both pointwise and ergodic iteration-complexity results for them
that follow naturally from the general convergence theory outlined in subsection 2.2
for the HPE method and the results derived in section 3.
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4.1. Generalized Korpelevich’s method for solving HVI problems. In
this subsection, we analyze a generalized version of Korpelevich’s method for solving
HVI (14). We note that this section closely parallels section 5 of [9]. However, the
technical tools developed in this paper to derive some of the results of this section are
much more sophisticated due not only to the generalization to HVIs but also to the
more general assumptions imposed.

We start by stating the method.

Generalized Korpelevich’s extragradient algorithm:
(0) Let xp € Dom(dg) and o € (0,1) be given, and set A =o¢/L and k = 1.
(1) Compute
(32)
=T+ Xg) a1 — AF(zp_1)), zx = (I +Ng) (xp_1 — A\F()).

(2) Set k< k+1, and go to step 1.

Note that if 25— is in Dom(dg), then, in view of Assumptions K.1 and K.2 and
the fact that Dom(dg) C domg, the quantities F(z;_1) and &) are well defined,
Zr € Dom(9g), and the same holds for x. Hence, the algorithm is well defined and
both sequences {x} and {Z;} are in Dom(dg). Moreover, when g = dx for some
nonempty closed convex set X C R™, the above algorithm reduces to Korpelevich’s
method for solving the monotone variational inequality problem VI(F; X). We also
observe that the iterates Zy and xj in (32) are also characterized as

- R 1
Ty = argmin(F (zx_1),x) + g(x) + ﬁHa: —zp1|?

. - 1
op = argmin(F(#), 7) + g(7) + oy [lo =z

The next result establishes that the generalized Korpelevich’s extragradient al-
gorithm is a special case of the HPE method. Its proof is quite similar to the one
given for Theorem 5.1 in [9], but, for sake of completeness, we include its proof in
Appendix B.

PROPOSITION 4.1. Let {Zy} be the sequence generated by the generalized Kor-
pelevich’s extragradient algorithm, and, for each k, define

(33) ar = %(%-1 —ay) — F(&r), pe= %(xk—l — Zy) — Fxr_1),

(34) ek = 9(Tn) — g(@r) — (T — Tk, qr), Ok = F(Tn) + g
Then, for every k € N
(a) e € Ouyg(ir) and by € [F + 0, g)(x) € [F + 0g)°* (3);
(b) L = Tp—1 — )\'Dk{
(¢) ATk + T — zp—1]|* + 2Xex < 02[| T — 1?5
(d) pk € 0g(Zk) and

L. .
1Tk — 21

(35) 1) + el < EEDE

As a consequence of (a)—(c), it follows that the generalized Korpelevich’s extragradient
algorithm is a special case of the HPE method.

Note that in view of Proposition 4.1(a), we have 0y, € F(Z)) + 0, 9(Z1) and, due
to the fact that the generalized Korpelevich’s algorithm is a special case of the HPE
method together with Theorem 2.4, we also have max{||%;||,&;} = O(1/vk) for some
1 < k. The following theorem provides a variant of this result where a vector close to
Uy, satisfies the above conclusions with ¢; = 0.
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THEOREM 4.2. Let {Z1} and {x} be the sequences generated by the generalized
Korpelevich’s extragradient algorithm, and let {pr} be the sequence defined in (33).
Then, for every k € N, F(Zx) + pi € [F + 09](Zk), and there exists i < k such that

- Ldy l1+o
F(z; il| < —4 | 77—,
I1F@)+pil < 22\ | 22T

where dy is the distance of xq to the solution set of HVI(F,g).

Proof. The inclusion F(Zy)+px € [F + 0g](Zy) follows immediately from the first
part of Proposition 4.1(d). Also, by Proposition 4.1, we know that the generalized
Korpelevich’s extragradient method is a special case of the HPE framework and that,
for every k € N, (35) holds. Hence, by Proposition 2.3, (8) holds and, as a consequence,

1< &3
3 F.o— . 2 < — .o 2 < "0 .
i, 1% = ziall” < Zi:l I = ziall” < 77— 25
The result now follows from the above inequality and (35). O

We will now present ergodic complexity results for the generalized Korpelevich’s
method. These results use not only the general complexity results for the HPE method
but also some of the new results derived in subsection 3.1.

THEOREM 4.3. Let {Z} and {xy} be the sequences generated either by the variant
of Tseng’s MF-BS method or by the generalized Korpelevich’s extragradient algorithm,
and for every k € N, define

k k
I N 1 - i
(36) Iy = Z ;xi, op = m(xo — Tk), F} = ;F(xi),
~a 1 ~a
(37) £} = A, [2<ajk — xo, Tk — Xo) — || TR — x0||2} .

Let dy be the distance of xo to the solution set of HVI(F,g). Then, for every k € N,
(0F,€%) is a weak residual of T§ for HVI(F,g), and

5 2Ldy - _ 2Ld3ny
< e — 2"
(38) logl < 2220, g < 20
where
(39) M =14+ g

VEQ =02)
As a consequence, given tolerances p > 0 and € > 0, an ergodic iterate 5, with a
(easily computable) weak residual (0f,€}) satisfying ||0g|| < p and Ef < e will be

found in at most
Ldy Ld?
O (max { —70 , =2 })
0 €
iterations.

Proof. By Proposition 4.1, the generalized Korpelevich’s method is a special case
of the HPE method with ' = F'+0g. Hence, the first conclusion of the theorem follows
immediately from Theorem 2.5 with A\, = o/L for every k and Theorem 3.9(a) with
x; = &y, v; = Ui, and o; = 1/k for i = 1,..., k. The last part of the theorem follows
immediately from the first one. O
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Letting 7 = 0f + rar(Z§; F — 0¢,g), we conclude from Proposition 3.7 that
(rk,€}) is a strong residual of & such that

Ldy

el < 58] +24/I5 = O (W) .

This argument would yield a complexity bound of

272 2
O(maX{L;lO, %})
1% €

iterations to find an ergodic iterate with a (p, €)-strong residual (14, £%).

The following result states that the factor L? on the first term inside the max-
imand can actually be improved to LN (F;domg) if a different residual is used in
place of ri. Due to its level of difficulty, its proof will be given in Appendix E. We
note that for the particular case in which F' is assumed to be monotone and Lipschitz
everywhere on R”, an easier version of this result is given in Theorem 5.5 of [9] in the
context of VI. Under the more general assumptions on (14) imposed here, the current
version heavily makes use of Theorem 3.9, which is derived for the first time in this
paper.

THEOREM 4.4. Let (p,e) € Ry, x Ry, and define ¢ := p?/(2¢). Consider the
sequence of ergodic iterates {I{} generated by the generalized Korpelevich’s method.
Then, there exists an index

(40) e (max [ﬂ E+MD
e’ P ,02

such that, for any k > ko, the pair (rz(T%; F, g),€:(T%; F, g)) is a strong residual of
{Z%} satisfying

(41) lre(@g; Fog)ll < p,  ee(@y; Flg) <e.

As a consequence, any such ergodic iterate T§ is a (p, €)-strong solution of HVI(F, g).

4.2. A variant of Tseng’s MF-BS method. In this section, we analyze a
variant of Tseng’s MF-BS method [24] for solving the inclusion problem

(42) 0€T(x):=(F+ B)(x),

where the following assumptions hold:
(T.1) B:R™ = R" is maximal monotone;
(T.2) F:Dom(F) — R"™ is monotone on Dom B C Dom F}
(T.3) F'is L-Lipschitz continuous on a closed convex set € such that Dom(B) C
Q C Dom(F);
(T.4) the solution set of (42) is nonempty.

We observe that Tseng’s original assumptions (see [24]) are slightly more general
than the above assumptions in that the set 0 does not have to include Dom B but
only a solution of (42). However, the above assumptions are more general than those
imposed in section 6 of [9], where the complexity of a special case of Tseng’s MF-BS
method is studied under the condition that = R™.

We note also that, under the above assumptions, T = F 4+ B is a maximal
monotone operator such that DomT = Dom B C ) (see Proposition A.1).

We now state the variant of Tseng’s MF-BS method studied in this paper.
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A variant of Tseng’s MF-BS method:
(0) Let zp € R™ and o € (0,1) be given, and set A = o/L and k = 1.
(1) Compute

(43) $C;€71 = PQ(:Ekfl),
(44) T = (I +AB) (-1 — AF(7),_1)),
(45) Ty =Tk — /\(F(ik) - F(x;c—l))

(2) Set k <= k+1 and go to step 1.

Note that if Q = R™, then z}_; = x,_1, and hence the above algorithm reduces
to a special case of Tseng’s MF-BS method, whose iteration complexity was studied
in [9]. We also note that, when Q # R™, the above algorithm is different from Tseng’s
MF-BS method.

The next result establishes that the above algorithm is a special case of the HPE
method in which ¢, = 0 for all k € N.

PROPOSITION 4.5. Let {zx}, {z}}, and {Z} be the sequences generated by the
variant of Tseng’s MF-BS method, and, for each k, define
(46) br = §($k—1 —Iy) — F(rj_1),

(47) Uk = F(Zx) + b

Then, for every k € N

(a) by € B(Zk) and oy, € [F+B](§k),'

(b) T = Xp—1 — )\f)k,'

(c) ATk + Tk — zp—1]| < of|Zk — 21 |-

As a consequence of (a)—(c), it follows that the new variant of Tseng’s MF-BS method
is a special case of the HPE method in which €, = 0 for all k € N.

Proof. The first inclusion in (a) follows from (44) and (46), while the second
inclusion follows from the first one and (47). Statement (b) follows from (45), (46),
and (47). For (c), note that relations (43), (46), and (47), the definition of A, assump-
tion (T.3), and the fact that Zx € Dom B C Q and P, is a nonexpansive operator
imply

AT, + & — zp-1]| = [AE(@k) + bi) + T — 2p-1]| = [MEF(@r) — F(z)_1)|
SAL|Zg — )4 || = ol| Pa(@k) — Polzk-1)|| < oll@x — k-1l O

We will now state a result that follows as an immediate consequence of the pre-
vious proposition and Theorem 2.4.

THEOREM 4.6. Let {Zr} and {xi} be the sequences generated by the variant of
Tseng’s MF-BS algorithm, and let {bx} be the sequence defined in (46). Then, for
every k € N, F(Zy) + by € [F + B](Zk), and there exists i < k such that

. Ldy 1+o
F(z; il < — | 05—,
R

where dy is the distance of xo to the solution set of (42).

We end this section by making an observation about the ergodic behavior of the
variant of Tseng’s MF-BS algorithm. Assume that B = 0g, where ¢ is a closed proper
convex function. In this case, all the ergodic results stated in subsection 4.1, namely,
Theorems 4.3 and 4.4, hold for the variant of Tseng’s MF-BS algorithm as well.
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5. Applications to SP problems. In this section, we present specializations of
the generalized Korpelevich’s method and the variant of Tseng’s MF-BS method for
solving GSP(V; gz, 9,). They are essentially the generalized Korpelevich’s method
and the variant of Tseng’s MF-BS method described in subsection 4.1 applied to
HVI(F;g) with F' and g given by (30).

We start by stating the specializations of two methods discussed in section 4 in
the context of GSP(¥; gz, gy)-

Generalized Korpelevich’s extragradient algorithm for GSP(¥; 9., gy):

(0) Let (20,%0) € Dom(0g¢,) x Dom(dg,) and ¢ € (0,1) be given, and set A = o /L

and k = 1.
(1) Compute

(F(zh—1,Yr-1): (2,9)) + g2(2) + gy () }
+ i ll@ =21,y —ye1)|I? ’

<F(§:kagk)a (x,y)> + gr(x) "‘gy(y) } .

(Zk, Jr) = argmin{

+ (@ = zp1,y — ye—1)||?

(2) Set k < k+1 and go to step 1.
To state the specialization of the variant of Tseng’s MF-BS method to the context
of GSP(¥; g5, gy), we first introduce one more assumption.
(S.4) There exist closed convex sets 2, and Q,, such that X xY C Q,xQ, C dom .
Variant of Tseng’s MF-BS method for GSP(¥;g.,9,):
(0) Let (x0,y0) € R™ x R™ and o € (0,1) be given, and set A = o/L and k = 1.
(1) Compute

(Tk, yr) = argmin{

(1, Ur—1) = (Pa, (zr-1), Pa, (yr—1)),

(F(h_y, Y1) (2,9)) + gal@) + gy(y)}

(Tk, Yr) = argmin
+ sxll(@ — zh—1,y — yr—1)|?

(@, yk) = (T, T) — ALF (@, ) — F(2h_1, Yeo1)]-

(2) Set k < k+1 and go to step 1.

Clearly, all the results derived in section 4 apply to the above two algorithms.
For the sake of brevity, we will not translate their statements to the context of
GSP(V; gz, 9,). However, we will show that Theorem 4.3 can be strengthened by
replacing the error measure 0" with 6° (see inequality (31)).

Before doing so, we state the following technical result.

PrRoPOSITION 5.1. Let X C R™ and Y C R™ be given convex sets, and let
I': X XY — R be a function such that, for each pair (z,y) € X XY, the function
P(,y)—T(z,) : X XY — R is convex. Suppose that, fori=1,... k, (x;,y;) € X XY
and (v, w;) € R™ x R™ satisfy

(48) (vi, wi) € Oz, (U(,95) — D(wi, ) (i, v4)-
Let aq,...,ar > 0 be such that Zle a; =1, and define

k k
(49) (xavya) = Zai(xiayi)v (Ua,wa) = Zai(vivwi)v

k
(50) €% = Z%‘[& +{my — 2 vy + (Y — Y wg)].
i=1
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Then, e* > 0 and
(51) (v w) € Oee (T(,y") = D(z%,)) (2%, y%).
Proof. By (48), we have
T(x,y;) — T, y) > (v — ) + {(wi, y — yi) — e Y(z,y) € X x Y.

Using the assumption that I'(z, ) is concave and I'(-,y) is convex for every (z,y) €

X XY, the assumption that Z _,0; =1land a; > 0for¢=1,...,k, and relations
(49) and (50), we conclude that

L(z,y*) —T(z%y) >ZO<1 (@,y:) — (i, y)]
> Z%‘(<Uu$—ﬂfi>+ (Wi, y —yi) — €i)

k
= > (e 2 + (w9

k
- Z i ((vi,zi — %) + (Wi, yi — y*) + &)
i—1
= <,Ua7x - xa> + <wa’y - ya> -

for every (z,y) € X x Y. We have thus shown that (51) holds. The nonnegativity of
¢® follows from the above relation with (z,y) = (2%, y%). O

We are now ready to give a stronger version of Theorem 4.3 based on the notion
of SP-residuals.

THEOREM 5.2. Consider the sequences {(zk,yx)} and {(Zk,r)} generated by
either the variant of Tseng’s MF-BS method or the generalized Korpelevich’s method
for GSP(Y; g5, 9y), and define

k
1 ~a ~a ~a 1
(52) (T Ur) E Z Ty, Gi)s Vg = (Uz,kavy,k) = X (w0, Y0) — (K, Yk)]
and
(53)
1

€k = 5y 240k — 20, 7k — o) + 20Tk — Yo, Yk — o) — ok — ol = llyx — woll”]-
Then, (vf,€%) is an SP-residual of (Z¢,9%) for GSP(Y; gx, gy), or, equivalently,
1713 € aﬁfz [\Ij(vyk) \Ij(xlw )](55%7@2)

and

2Ldy  , _ 2Ld0nk

54 Ul <
(54) ol < 222, g <20

where 7y, are defined in (39) and do is the distance of (zo,yo) to the set of saddle-
points of GSP(V; gz, 9y). As a consequence, for every pair of positive scalars (p,€),
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there exists an index

2
ko=0 (max {—Ldo, —Ld0]>
e p

such that, for any k > ko, the pair (0f,€%) is an easily computable certificate that the
point (L, §) is a (p,€)-saddle point of GSP(¥; gz, gy)-

Proof. Clearly, the above two methods are the generalized Korpelevich’s method
and the variant of Tseng’s MF-BS method applied to HVI(F;g), respectively, with
F and g given by (30). Hence, all the results derived earlier for these two methods
apply here as well. In particular, by Propositions 4.5 and 4.1, we conclude that there
exists € > 0 such that

1

(55) O = X(ffkfl — Tk, Yk—1 — Yk) € (F + 0, 9) Tk, U ),

AT, + (Zk, i) — (@r—1, Y1) |12+ 20er < 02 ([(@, G) — (21, 1) |-
Hence, using also definition (30), we conclude that

ﬁk € F(i'kagk) + 8€kg(‘%kagk) = (quj(jk,gk), _quj(‘%kagk)) + 8€kg(‘%kagk)
COVxxy (- Uk) — VU]xxv (T, ) (Zrs k) + 0=, 9(Zke, Uic)
C 02, [W(, k) — (@, ) (Es k)

where the latter identity follows from the definition of ¥ in (28). Hence, it follows
from (12), (52), (55), and Proposition 5.1 that

Ty = (03 k> Uy i) € Oeg (W, G5) — W(TE, )R, T),

or, equivalently, 6°P ((Z%,47); \Tlﬁz,gm, gy) < €%, in view of Proposition 3.12. Moreover,
the bounds (54) follow directly from Theorem 4.3. O

An important observation about Theorem 5.2 is that the variant of Tseng’s MF-
BS method or the generalized Korpelevich’s algorithm for GSP(¥; g4, g,) can be used
to solve problems for which the gap function °P(-; ¥y, g5, g,) cannot be easily eval-
uated for any perturbed function ¥, (see (29)), since the method can be terminated
whenever the computable quantities 9 and ¢ defined in (52) and (53) are sufficiently
small. Moreover, this termination criterion does not depend on any knowledge of dj,
which is used only in the theoretical complexity bound for the algorithm.

The last result of this section considers the special case where X and Y are both
bounded sets and an explicit bound on the diameter of X x Y is given.

PROPOSITION 5.3. Assume that X,Y are bounded sets, and let Dxy denote the
diameter of X x Y. Then, for every k € N, the point (%, y5) defined in (52) is an
ép-saddle point of GSP(V, gz, g,), where

2Ld,
ko

Mk, Uy, and €} are defined in (39), (52) and (53), respectively; and dy is the distance
of (zo,Y0) to the set of saddle points of GSP(¥; gz, gy). As a consequence, for every

€ > 0, there exists an index
LdyD
ko = O ( 0 XY)
€

€ = Dxy ||Up|| + &5 < (Dxy + dofik);

such that, for any k > ko, the point (Z¢, %) s an e-saddle point of GSP(V; gz, gy)-
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Proof. Use Theorem 5.2, Definitions 3.10 and 3.11, and the Cauchy—Schwarz
inequality. a

6. Applications to convex optimization problems. In this section, we con-
sider applications of the theory developed in the previous section to the problem

(56) min{ f(z) + h(z) : Az = b},

where the following assumptions are made:

(0.1) A:R™ — R™ is a linear map and b € R™;

(0.2) f,h:R™ — [—00, 00| are proper closed convex functions;

(0.3) dom(g) C dom(f), and there exists a point & € ri(dom g) N ri(dom f) such

that Az = b;
(0.4) the solution set of (56) is nonempty.
We now make some observations. First, under the above assumptions, x* is an

optimal solution if and only if it satisfies the condition

(57) 0 € df(z) + Oh(x) + Na(z),

where M := {z € R" : Az = b}. Second, the above assumptions also guarantee that
df + 0g + N is maximal monotone.

Clearly, when f has Lipschitz continuous gradient and the resolvent of the sum of
d(h+d ) is easy to compute, we could apply the methods of section 4 directly to (57)
with F' = Vf and g = h + dpq. However, for most practical problems, the resolvent
of 9(h + dr) is hard to compute, but the resolvent of Oh can be easily computed. In
this section, we will consider specific reformulations of (56) which can be solved by
the algorithms of section 4 using only the resolvent of Oh.

The following result motivates the aforementioned reformulations of (56).

PROPOSITION 6.1. For a point x* € R™, the following conditions are all equiva-
lent:

(a) x* is a solution of (57);

(b) there exist y* € R™ and s* € Oh(x*) such that 0 € Of(z*) + A*y* + s* and

Ax* =b;
(¢) Az* = b, and there exist w* € R(A*) and s* € R™ such that x* € Oh*(s*)
and 0 € Of (z*) + w* + s*.

6.1. Dualization approaches with respect to the affine constraint. In
this subsection we make the following additional assumption:
(0.5) f is differentiable on a closed convex set Q, O dom(h), and V f is L-Lipschitz
continuous on {2,.
Using the characterization of N (x) given by

_J{A*y:yeR™} ifzxeM,
Np(w) = { ] otherwise,

we obtain the following primal-dual reformulation of (57):
(58) 0eVf(x)+A'y+ 0h(zx), 0=>b— Az.

Given a pair of positive scalars (p, ), we will examine in this subsection the complexity
of finding a pair (z,y) € dom h x R™ such that

(59) |[Az = b|]| < p, 0€Vf(z)+ A*y+ Oh.(x)+ B(p),
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or, equivalently, a triple (z,y,s) € domh x R™ x R™ such that
(60) [Az =bl| <p, |Vf(z)+Ay+sl|[<p, s€O0h(x)

Alternatively, we are also interested in the complexity of finding a pair (z,y) € dom hx
R™ satisfying

(61) [Az bl < p, 0€0:(f+h)(z) + Ay + B(p).

Observe that if (z,y) satisfies (59), then it also satisfies (61).
In this subsection, we view (58) as being equivalent to the HVI problem

(62) 0€ F(z,y) + 99(x,y),
where
(63) Fe) = (VNI aten =

In order to apply the variant of Tseng’s MF-BS (and/or Korpelevich’s extragra-
dient) method to the above HVI problem, we need an upper bound on the Lipschitz
constant of F'. The tighter this bound is, the larger will be the stepsize A and hence,
the smaller the complexity bound. In the following result, we derive such an upper
bound.

LEMMA 6.2. If G : Q — R" is monotone and L-Lipschitz continuous, b € R™,
and A : R™ — R™ is linear, then the operator

is monotone and L-Lipschitz continuous in Q x R™, where

= L+ /L?+ 4| A|?

(64) L= < L+ Al
Proof. Let (u,v) =T(z,y) — T(2',y"). Then,
lull < Lilz =2 + [1Alllly = "I, vl < [Allllz = 2|

Therefore,

([fel|* + llo]I?) % H {|A|l ”f)‘”] (Hli_Z/I'I) H

To end the proof, note that L is the spectral radius of the 2 x 2 matrix on the right-

hand side of the above inequality. 0
Variant of Tseng’s MF-BS method for (62)—(63):

(0) Let (x0,90) € R" x R™ and 0 < ¢ < 1 be given, and set \ = ¢/L and k = 1,
where L is given by (64).

(1) Compute z}_; = Po, (zr-1),
(65)
Bp = (I4+2A0h) " (@1 =MV f(@h )+ A Y1), Gk = ye—1+A(Az)_; =D),

and
(66)
xp =T =NV f(@r) =V (@) +A O —ye-1)), Ye = Te+ANA(Tr—7)_1).

(2) Set k < k+1 and go to step 1.
end
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Due to the definition of the function F' in (63), relations (65) and (66) are equiv-
alent to

(Zk, Gk) =(I +299) [ (Th—1,Yr—1) — AF 0 Po(x—1,yk-1)],
(@, yx) =Tk, Tr) — A[F'(Zr, Ur) — F o Po(Tr—1,Yk—1))s

where € := Q, x R™. Hence, the above algorithm is Tseng’s MF-BS method applied
to HVI(F,g) with F and g given by (63). Note that the sequence {Z} remains in
dom h, while the sequence {x}} does not have to be in dom h.

THEOREM 6.3. Consider the sequences {(z,yr)} and {(Zk,Tk)} generated by
Tseng’s MF-BS method for solving (62)—(63), and define for every k € N

(67) P = 5 ks — 4]~ [V (o) + Al

Then, for every k € N, pf € Oh(Zy) and there exists i < k such that

V@) + A4t || - Ct [ ADd [0
b—Ai‘l - o k(l—cr)’

where dy is the distance of (xo,yo) to the solution set of (58). As a consequence, for
any p > 0, there exists an index

2 72
o ((LrlAre)
such that the triple (z,y,s) = (T, Ux, DY) satisfies (60) with e = 0.
Proof. This result follows immediately from Theorem 4.6 and the fact that for F’
and g as in (63) and B = Jyg, the vector by in (46) is equal to the vector (pf,0). O
THEOREM 6.4. Consider the sequences {(zk,yx)} and {(Zk,yr)} generated by
Tseng’s MF-BS method for solving (62)-(63). Define the sequences {(Z%,y5)}, {&L},
and v = {(05 1,y )} as in Theorem 5.2. Then, for every k € N,

17;17,@ S 852 (f +h) (@) + A gL, f)&k =b— Az}
and

152 < 2(L + || Al)do o _ 2L+ [|Al)da K
kil = ko ’ k= ko ’

where 7y, is given by (39) and dy is the distance of (xo,yo) to the solution set of (58).
As a consequence, for any pair of positive scalars (p,€), there exists an index

ko = O (max [<L + AN (L + ||A||)d0D

3

€ p
such that (Z¢,9%) satisfies (61) for any k > k.
Proof. Define g, :=h, g, =0, and ¥ : dom f x ™ — R as
U(z,y) = f(x) + ({y, Az = b),  (2,y) € dom f x R™.

Clearly, the above algorithm corresponds to the variant of Tseng’s MF-BS method
for GSP(¥; gz, 9y) with Q, as in assumption (O.5) and Q, = R™. The result now
follows from Theorem 5.2 and elementary rules of subdifferential calculus. O
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PROPOSITION 6.5. Let (p,e) € Ry, x Ry, and set ¢ := p?/(2¢). Consider
the sequence {(Z¢,9%)} of ergodic iterates defined in (52), where {(Zx,yx)} is the
sequence generated by Tseng’s MF-BS method for solving (62)—(63). Moreover, for
every k € N, define

1
uy = 1% — % V(@) + Ay, qp :=¢ [uk — <I + éah) (uk)] )

Then, there exists an index

(L + [l-Ald3 (L+||A||)do+d3(L+||«4I)N(Vf;domh)]>
£ ’ p p?

ko=0O <max{

such that, for any k > ko, the triple (x,y, s) = (%, 7, ¢7) € dom f xR™ xR™ satisfies
(60), where dy is the distance of (xo,yo) to the solution set of (58).

Proof. This result follows immediately from (22), Definition 3.4, and Theorem
4.4 applied to HVI(F, g) with F' and g given by (63). O

6.2. Dualization approach with respect to h. In this subsection, in addition
to assumptions (0.1)—(0.4), we further assume that
(0.5") f is differentiable on M and Vf is L-Lipschitz continuous on M.
Using the fact that s € Oh(x) if and only if € Oh*(s), it follows that (57) is equivalent
to

(68) 0eVf(x)+s+ Nm(z), 0€—x+0h"(s).

Given a pair of positive scalars (p, ), we will examine in this subsection the complexity
of finding a pair (z,s) € M x R™ such that

(69) x € 0.h*(s) + B(p), 0€Vf(x)+s+ Nu(z)+ Blp),
or equivalently, a quadruple (z,z’,w,s) € M x R™ x R(A*) x R™ such that
(70) o' € 0ch"(s), o' =zl <p, V(@) +w+s|<p

Alternatively, we are also interested in the complexity of finding a pair (z,s) € MxR"
satisfying

(71) x € 9:h"(s)+ B(p), 0€0:f(z)+s+R(A")+ B(p).

Observe that if (x,s) satisfies (69), then it also satisfies (71). Observe also that for
any pair (z, s) satisfying the above conditions, we must have s € dom h*.
In this subsection, we view (68) as being equivalent to the HVI problem

(72) 0€ F(x,s) + 0g(z,y),
where
(73) Fl,5) = < Vi) +s ) 9z, 5) = Spa(w) + B*(s).

The following result follows as an immediate consequence of Lemma 6.2.
PROPOSITION 6.6. The map F' defined as above is (L 4 1)-Lipschitz continuous.
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Variant of Tseng’s MF-BS method for (72)—(73):
(0) Let (x0,50) € R x R™ and 0 < o < 1 be given, and set A = /(L + 1) and
k=1.
(1) Compute z},_; = Pm(xr—1),
(74)
Ty = Papm (xk,l - /\(Vf(fv;c_l) + Skfl)) , Sk = (I+/\8h*)’1(sk,1+/\x§€_l),

and
(75) xp = T — AV f (@) =V (xhq)+ 5k —Sk—1]- Sk =8k + ATk —)_1)-

(2) Set k <= k+1 and go to step 1.
end

We now make a few observations regarding the above algorithm. First, we note
that the sequence {(Zg,3k)} is in M x domh*. Second, due to the definition of the
function F and g in (73), relations (74) and (75) are equivalent to

(Zk,5%) = (I + Mg) ' ((xh—1,8%-1) — AF 0 Po(z—1,56-1) ),
(xk, Sk) = (Zk, Si) — A[F(Z, 5k) — F o Po(2—1,5k-1) ],

where Q := M xR"™. Hence, the above algorithm is Tseng’s MF-BS method applied to
the inclusion problem (72)—(73). Third, observe that the above method requires two
projections onto M and exactly one evaluation of the resolvent of h* per iteration.
Fourth, we also observe that the resolvent of h* can also be computed using the
resolvent of h according to

(I +X0h") Hx) =2 — AT +A"'on"*(\tz)  Va e R™

The following result follows as an immediate consequence of Theorem 4.2.
THEOREM 6.7. Consider the sequences {(xy, sx)}, {(Zx, 5k)}, and {z},} generated
by Tseng’s MF-BS method for solving (72)—(73), and define for every k € N

1 i L1 i
(76)  pi = 5 lon—1 = @] = [Vf(2hr) +suals P = 3 s = Sl + @
Then, for every k € N, T, € M and (p},p;) € R(A*) x Oh*(8k), and there exists
1 < k such that

V(&) + 3 + 07 < (L+1)dy | 1+0
—T; +pj - o k(1—-0o)’

where do is the distance of (xo,s0) to the solution set of (68). As a consequence, for
any p > 0, there exists an index

2 72
ot
such that the quadruple (z,z’,w,s) = (Zx,p}, P}, Sk) satisfies (70) with € = 0.
THEOREM 6.8. Consider the sequences {(xy,sk)} and {(Zk,5r)} generated by
Tseng’s MF-BS method for solving (72)-(73). Define the sequences {(Z§,5%)}, {1},
and v = {(0 ,0¢,)} as in Theorem 5.2 with yx and Jy replaced by sy and 3,
respectively. Then, for every k € N, T} € M,

Ugp € Oz f(XF) + 5k + R(A"),  0F, € —T% + 0= h"(5%),
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and

Q(L + 1)d0 o 2(L + 1)dgﬁk

0] <
og ]l < ko ) €k > ko

where Ty, s given by (39) and dy is the distance of (g, o) to the solution set of (68).
As a consequence, for any pair of positive scalars (p,€), there exists an index

ko = O (max [(L +51)d%’ (L +p1)dOD

such that (T3, 3%) satisfies (71) for any k > ko.

Proof. Define g, 1= 0pm, gs := h*, and ¥ : dom f x R® — R as ¥U(z,s) =
f(x) + (x,s). Clearly, the above algorithm corresponds to the variant of Tseng’s
MF-BS method for GSP(¥;g,, g,). The result now follows from Theorem 5.2 and
elementary rules of subdifferential calculus. d

PROPOSITION 6.9. Let (p,e) € Ry x Ry, and set ¢ := p*/(2¢). Consider
the sequence of ergodic iterates {(Z%, 3%} generated by the variant of Tseng’s MF-BS
method for solving (72)—(73). Moreover, for every k € N, define

-1
~a ~a s ~za ~a = 1 * ~a 1~a
Qi = —Pra~(Vf(@y) +58%), q:=(C8, +T}) —¢ (I—|— E@h ) (Sk + Ea:k> .

Let dy be the distance of (xo, o) to the solution set of (68). Then, there exists an
index

AP (max [<L +Ud (Lt Ddy | (L + 1)/;/(Vf;/\/l)D
£ p p

such that, for any k > ko, the quadruple (z,2’,w,s) = (¢, q},q%, 5%) satisfies (70).

6.3. Examples. In this subsection, we give two specific instances of optimiza-
tion problems which can be solved by the methods discussed in the previous two
subsections.

Consider first the case where h = dx for some closed convex set in R™. In this
case, (56) becomes

min{f(z): Ax =b, x € X}.

Note that in this case the resolvent (I + A0h)~!, which needs to be evaluated at each
step of the methods described in subsections 6.1 and 6.2, reduces to the projection
map with respect to X for any A > 0. Moreover, when X is a cone, the termination
criterion (60) reduces to

[Az —bl| < p, [[Vf(z)+ A%y + 5] <p,
reX, —-seX* (x,—s)<e¢,
where X* := {s € R" : (z,s) > 0Vz € X} is the dual cone of X.

We now consider the second case, where h is given by

hz) =4 i logw; ifx > 9,
00 otherwise.
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In this case, it is easy to see that evaluation of the resolvent of h amounts to solving n
single-variable quadratic equations. Moreover, it is easy to verify that the termination
criteria (60) reduces to

[Az = bl < p, [IVf(z)+ A"y + 5]l < p,

x>0, —s>0, (x,—s)— Zlog(—xisi) +n<e.
i=1

It should be noted that the latter condition is approximately enforcing the condition
—x;8; = 1 for every ¢ = 1,...,n and that it is a well-known interiority condition in
the theory of interior-point methods.

We also note that we can apply the latter idea to the case when R™ is the set
of p X p symmetric matrices (and hence n = p(+1)/2), h(X) = —logdet X when X
is positive definite, and 4+oco otherwise. In this case, evaluation of the resolvent of h
amounts to computing a symmetric eigenvalue decomposition and the solution of p
single-variable quadratic equations.

Appendix A. Maximal monotonicity of the HVI problem.

PropPOSITION A.1. If B : R™ = R™ is mazimal monotone and F : Dom(F') — R"”
is a map such that Dom F' D cl(Dom B) and F restricted to cl(Dom B) is monotone
and continuous, then F + B is mazimal monotone.

Proof. Let C' = cl(Dom B). Since F := F|c is monotone and C is convex (see
Proposition 6.4.1 of [1]), F + N¢ is maximal monotone (see, for example, Proposi-
tion 12.3.6 of [4]). Using the fact that the sum of two maximal monotone operators
is also maximal monotone as long as the relative interiors of their domains intersect
(see Theorem 2 of [17]) and the relative interiors of the domains of B and F + N¢
are identical, then it follows that F + N + B is maximal monotone. Moreover, we
clearly have that B C N¢o + B. Since B is maximal monotone, we actually have that
B = N¢ + B, and hence F + No + B =F + B = F + B. We have thus shown that
F + B is maximal monotone. d

Appendix B. Proof of Proposition 4.1.

Proof. First observe that, in view of the definitions of x and ¢ in (32) and (33),
respectively, we have g € dg(zk). Hence, it follows from Proposition 2.1(c) and the
definition of €, in (34) that the first inclusion in Proposition 4.1(a) holds. Letting

F := F|c(dom g), the latter inclusion and the definition of 7% in (34) then imply that

e = F(&r) + ax € [F + 0:,9)(ar) € [(F)" + (99)°](ar)
C [F + 0g)™ (2x) = [F + 0" (an),

where the two last inclusions follow from parts (a) and (b) of Proposition 2.2 and
Proposition 2.1(a). We have thus shown that Proposition 4.1(a) holds.

Statement (b) of Proposition 4.1 follows immediately from the definition of g
and 7y, in (33) and (34), respectively.

We now show (c¢) and (d). First note that the definitions of Z; and py in (32) and
(33), respectively, imply that pr € dg(Zx). This fact, together with the definition of
e in (33), yields the estimate

er = —[9(xx) — 9(Tk) — (P>, Tk — T)] + Pk — Qs T — 1) < (Pr — Qi T — Th),
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which, together with statement (b), then implies that
| ADE + Zr — zp—1 || + 2Xex = |k — 2x]|® + 22ek < 1Tk — 2x]|* + 20Dk — qr, T — 1)
= [IMpr — ar) + T — 2k ]* = N |lpe — x|l
< | A(pr — ar) + & — i ||?
= [MF(zr-1) = F(@x))|I* < ALllzr—1 — Zx])
o
where the last equality follows from the definitions of p; and g in (33), and the last
two inequalities are due to assumption (K.3) and the assumption that A < o/L. It

remains to show that (35) holds. Indeed, the definition of py in (33), the triangle
inequality for norms, assumption (K.3), and the identity A = o/L imply that
1

P+l = [P0~ Flan) + o - 20

- 1 -
< 1F@x) = Flap-all + Sllee-1 — 2]

1 B 1+o0)L, _
S(L+X)WMJ—MH=L—;lﬂm—$MH- 0

Appendix C. Proofs of the results in subsection 3.1.

In this section we assume that assumptions (K.1)—(K.3) of section 4.1 hold. The
proof of Proposition 3.5 will be divided into three parts.

ProrosITION C.1. Let x € domg. Then

(a) (r,e) is a strong residual of x for HVI(F, g) if and only if r € F(x)+ 0:9(z);

(b) if (r,e) is a weak residual of x for HVI(F, g), then r € (F + 9g)%(x);

(c) if r € (F + dgen)(z) and &' + " < e, then (r,€) is a weak residual of x for

HVI(F,g).

Proof. (a) Using the definition (1) of the e-subdifferential and relations (19) and
(21), we conclude that (r,¢) is a strong residual of z for HVI(F,g) if and only if
r—F(z) € 0.9(x).

(b) Suppose that (r,¢) is a weak residual of x for HVI(F, g). Then, using (21),
(20), and the fact that the domain of dg is contained in dom g, we conclude that, for
every y € Dom dg and u € 9¢g(y),

e > g(@)—gly)+{x—y, Fly) —r)
=g@) —g(y) —(r—yu)+ (@ -y, Fly) tu—r) > (x—y, Fy) +u—r).

Hence, it follows from definition (3) that r € (F + d¢g)°(z).

(¢) Suppose now that r € (F® +dger)(z) and &’ +¢” < . Hence, there exist r’ €
F<'(z) and 1’ € . g(x) such that ' + 1" = r. Hence, for any y € dom(g) C Dom F,
we have

(y—a,Fly)—1")>—¢, gly) >g(x)+{y—zr")-€"

Adding these two inequalities and using the fact that r =7’ + 7" and &’ +&” < ¢, we
then conclude that

g(y) > g(z)+ (y —z,7 — F(x)) —e Yy cdomg
and hence that (r,¢) is a weak residual of « for HVI(F, g), due to (20) and (21). 0
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ProOPOSITION C.2. If x € domg and ¢ > 2L, then 0.(x; F, g) < 6¥(x; F, g).
Proof. Let x € domg and ¢ > 2L be given. Then, in view of (20), (23), the
assumption that ¢ > 2L, and assumption (K.3), we have

0“(x; F,g) = sup g(x) —g(y) + (x —y, F(y))

yedom g
> yesdlffngg(x) —9y) = (y— 2, F(x)) — [|[F(z) = F@)l ly — =|
> sup g(x) —g(y) — (y — =, F(x)) — Llly — z||* > b.(x; F,g). O

The following result establishes a relationship between 6, and strong residuals.
THEOREM C.3. Let x € domg and ¢ > 0 be given. If (r,e) is a strong residual
of x for HVI(F,g), then, for any ¢ > 0,

1
(77) 0u(: Fg) < o lrll* +2;

moreover, for any fized ¢ > 0, there exists a unique strong residual (r,€) of x for
HVI(F,g) for which equality holds in (77), namely, (r,e) = (re(x; F,g),ec(x; F, g)),
where

(78) ec(z; F,g) :=g(x) —g(ye) — (& — ye, e — F(x)) >0, Yo 1= x—cilrc(x; Fg).

Proof. To simplify notation, let (rc,ec) = (rc(z; F,g),ec(x; F,g)). By Defini-
tion 3.4, (r,¢) is a strong residual of « for HVI(F,g) if and only if 6°(x; F' —r,g) :=
sup, g(v) — g(y) + (z —y, F(z) —r) < e. This observation together with definition
(23) of 0.(-; F, g) then implies that

inf {5 + %HTHZ : (r, ) strong residual of  for HVI(F, g)}
= irrlf sgpg(x) —9(y) +(x—y, Fx) —r)+ %”TW

> supinfg(z) — o(y) + (&~ 1. F(2) =) +

= s g(2) = g(u) + (= 4, F@) = 5o~y = 0u(a; P, ),

which proves the first claim of the theorem.
We now prove the second claim. Using (78) and (22) we conclude that

o (14 100) (o L)

Therefore, from the optimality conditions for the maximization problem (23), we
conclude that its maximizer is y. and

(79) Oc(x; F,g) = g(z) — g(ye) + (2 — ye, F(2)) — gllyc —z|?,
(80) re — F(2) = c(z — y.) — F(z) € dg(y.).

Moreover, (80) and Proposition 2.1(c) imply that e, > 0 and r. — F(z) € 0., g(x).
Hence, in view of Proposition C.1(a), (7¢,€c) is a strong residual of x for HVI(F, g).
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To end the proof, use (78) and (79) to conclude that (77) holds as an equality for
(re,€c)- O

The following result follows as a consequence of Theorem C.3.

PropPOSITION C.4. If x € domg is a (p/\/2,¢/2)-strong solution of HVI(F,g)
and ¢ := p*/(2¢), then the pair (rz(x; F, g),cz(x; F, g)) is a strong residual of x for
HVI(F,g) satisfying the estimates

re(z; F,g)|| < p, ex(w; F,g) <e.

Proof. To simplify notation, denote (rz(z; F,g),cz(x; F,g)) simply by (rzez).
Since z is a (p/v/2,¢/2)-strong solution of HVI(F,g), there exists r € R" such that
7|l < p/v/2 and (r,e/2) is a strong residual of x for HVI(F,g). Hence, it follows
from Theorem C.3 with ¢ = & := p?/(2¢) that

2
<

= +5=¢
27 - &

1 1
2—E||7“5||2 + ez =0:(2;F, g) < 2—E||7“||2 +

=~
Ql
| ™

which clearly implies that e; < e and ||rz|]| < vV2¢e = p. O
The following result also follows as a consequence of Theorem C.3.
ProprosITION C.5. If condition (K.3) holds and (r,€) is a weak residual of x for

HVI(F,g), then, for any positive scalar ¢ > 2L, the vector
(81) re :=rc(x; F =1 g)

satisfies ||rc|| < V/2ce, and the pair (r+1.,€) is a strong residual of x for HVI(F,g).

Proof. Assume that ¢ > 2L is given. By definition, the second assumption of the
proposition means that 6 (z; F' — r,g) < e. This together with condition (K.3) and
Proposition C.2 implies that 6.(x; F' — r,g) < e. Hence, considering the pair (r,e.)
with r. defined by (81) and ¢.. := e.(x; F—r, g) (see (78)), it follows from Theorem C.3
that (r¢,ec) is a strong residual of « for HVI(x; F —r, g) and

1
2_C||TC||2 + Ec = 90(x7F - g) S g,

from which the conclusion of the proposition immediately follows. O

The following result shows that near a point x € dom g, it is always possible to
construct a point y(z) with strong residual (r,e) = (r,0) such that ||y(z) — z| <
[re(x; F, g)|l/c and |Ir|| < [rel|(1 4 L/c).

PROPOSITION C.6. Assume that F' : Dom F C R™ satisfies assumption (K.3),
and let x € dom g be given. Then, for every ¢ > 0, the vectors y. defined in (78) and

(52) Fo = Plye) (&) 4 1c
satisfy

1 . . L
) lwe-al =l dee (Frop@. il < (145 ) Il

where r. :=r.(x; F, g). Moreover, if, in addition, = is a (p,€)-strong solution, then

P2 +2 R L
||yc—x||g¥, ||rc||§(1+z> VPRt 2ce Ve> 0.
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Proof. The equality in (83) follows immediately from the definition of y. in
(78), and the inclusion in (83) follows from (80) and (82). Moreover, using (82) and
assumption (K.3), we have

. L
Il < 1 (o) = F@I + el < Dl =+ el < (142 ) el
The last claim of Proposition C.6 follows immediately from the first one and Propo-
sition C 4. O

Appendix D. Proof of Theorem 3.9.

In this appendix, we provide the proof of Theorem 3.9. We first state the following
well-known technical result.

PROPOSITION D.1. Assume that g : " — [—00,00] is a proper closed convex
function. Let x;,v; € R™ and €;,a; € Ry, fori=1,...,k, be such that

k
vl-e@sig(xi), iZl,...,k, Zai:l’
=1

and define

k k
% = E T, v¢ = E ;v;,
i—1 i=1

k
e = Zai[ai + (z; —z% v, —vY)] = Zai[ai + (z; — 2%, v;)].
i=1 i

Then, €* > 0 and v* € Jeag(z?).

We are now ready to give the proof of Theorem 3.9.

Proof of Theorem 3.9. (a) Note that, by (25), we have v; — F(x;) € 0., g(x;) for
every i = 1,..., k. Defining

k
(84) €y = Z o; (g5 + (i — 2% v — F(x;))]
i=1

it then follows from the definitions of v® and F® in (26) and Proposition D.1 that
eg > 0 and v* — F'* € O.gg(x*). Moreover, defining

k k
€] = Zai@ci — 2% F(x;) — F?) = Zai@ci -z F(x;)),
i=1 1=1

it follows from Corollary 2.4 of [9] that £{ > 0 and F® € F¢i(z®). Hence, it fol-
lows that v@ € [F¥1 + d.ag](z®). Noting that £* = €§ + ¢, we then conclude from
Proposition 3.5(c) that (v*,e?%) is a weak residual of 2 for HVI(F,g).

(b) The function F' can be decomposed as F' = G+ .A, where G is an N'(F'; dom g)-
Lipschitz monotone map and A is an affine monotone map. Define

k k
(85) A= Aw), &= aa(m — 2, Al)),
=1 =1

k k
(86) G* =) aiGx), 5= auilei+ (i — 2", vi — Alx)),
=1 =1



COMPLEXITY OF TSENG’S AND KORPELEVICH’S METHODS 1717

and note that €* = &7 + &% in view of (26). Since A is an affine monotone map,
we have A* = A(z%) and ¢ > 0, and hence e* > £%. By (25) and the fact that
F =G+ A, we have

v — Ax;) € (G+ 0c,9)(x;), i=1,... k.

Using the definitions of v®, A% and &% in (26), (85), and (86), respectively, and
statement (a) with ' = G and v; = v; — A(z;), we then conclude that the pair
(v* — A% €%), and hence (v* — A(xz%),e%), is a weak residual of z* for HVI(G, g).
Now, the identity

re i =1o(z" F —v*) = ro(z% G — (v — AY)),
which is due to definition (22), and the identity F(z%) = G(z*)+A(z*) = G(2%)+.A%,
the fact that G is N'(F';dom g)-Lipschitz continuous, and Proposition 3.7 imply that,

for any ¢ > 2N (F;domg), ||re|]| < v2ce® and the pair (v* — A* + r.,e%) is a strong
residual of 2% for HVI(G, g). Since by definition this means that
v¢ = A%+ r. € G(z%) 4 Ocag(a®)
or, equivalently, v* + r. € F(x®) 4 Oca (2%), we conclude that (v® + r, &%) is a strong
residual of 2% for HVI(F,g).
(c) Since 0 € Nq(z;), and hence F(z;) € F(x;) + Na(z;), for every i = 1,... K,

it follows from statement (b) with g = dq, v; = F(z;), and &; = 0 that, for every
c > N(F;Q), the vector 7. defined in (27) satisfies

(87) Fo+ Fo € F(z®) + NG (2%), ||l < /2%,
where F'* is defined in (26) and

k
(88) el = Zai@ci — %, F(x;)) > 0.
i=1

On the other hand, we know from the proof of statement (a) that v — F* € Jeag(z?),
where g > 0 is defined in (84). Combining this last observation with (87), we then
conclude that

Po 0% — F(2%) € 0es g(2) + NGH (%) € D es (9 + 60) (2%) = Deag(a®),

where the last identity follows from the definition of €%, €3, and ¢ in (26), (84), and
(88), respectively, and the fact that domg C € by assumption. Statement (c) now
immediately follows from the latter conclusion, Proposition 3.5(a), the inequality in
(87), and the fact that £ < &°.

The last claim of the theorem follows from (b) with ¢ = 2N (F;domg). O

Appendix E. Proof of Theorem 4.4.

Before giving the proof of Theorem 4.4, we first establish the following result.

THEOREM E.1. Let {Z;} and {x} be the sequences generated by the generalized
Korpelevich’s extragradient algorithm, and consider the ergodic sequences {z§}, {0f},
and {4} defined according to (36) and (37), and the sequence {EF®} defined as

(89) B = ZF(:@-).

Let dy be the distance of xo to the solution set of HVI(F,g). Then, for every k € N,
the following statements hold:
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(a) If a positive scalar ¢ > 2N (F;domg) is known and we define
(90) by 1= U+ ey F =0y, 9),
then (05, €%) is a strong residual of Ty for HVI(F, g) and

2Ld0 CL'F]k
2d, .
ko + 2do ko

(91) logll <

(b) Alternatively, if a closed convez set Q@ C R™ such that domg C € C Dom F'
and a positive constant ¢ > 2N (F;Q) are known and we define

(92) Of =0 4+ 1. (80 F — F2,60),

then (0f,€%) is a strong residual of &} for HVI(F,g), and 9} also satisfies
(91) with o7 replaced by vf.
As a consequence, if a constant ¢ > 0 satisfying 2N (F;dom g) < ¢ = O(N(F;dom g))
is known, then for every pair of positive scalars (p,€), there exists an index

(93) ko = O <max [L_dg %_Fw})
e’ P ,02

such that, for any k > ko, the pair (0F,€5) is an easily computable certificate that the
point &} is a (p,€)-strong solution of HVI(F,g).

Proof. By Proposition 4.5 (resp., Proposition 4.1), the variant of Tseng’s MF-BS
method (resp., the generalized Korpelevich’s method) is a special case of the HPE
method with 7' = F + 0g, and, for every k € N, 9y, € [F + 0.,9](Zk), where e, =0
(resp., € is given by (34)). Hence, statements Theorem E.1(a), (b), and (c) follow
immediately from Theorem 2.5 with A\, = o/L for every k and Theorem 3.9 with
x; = &, v; = Ui, and a; = 1/k for i = 1,... k. The last part of Theorem E.1 follows
from statement (b) and some straightforward arguments. a

We now make a few observations regarding the last result. First, note that the
complexity bound in Theorem E.1(a) can be significantly better than that obtained in
Theorem 4.2, namely, when the constant ¢ < L. Second, in the case where {2 = R",
the vector o reduces to

o = O + F(3R) - B,

which does not depend on c¢. Hence, in this case, knowledge of a constant ¢ >

N(F;domg) is not required. Moreover, when F is affine and we choose Q = R",
(91) holds for any ¢ > 0 = N(F;dom g), from which we conclude that

2Ldy
ko’

and hence that (93) also holds also when NV (F;dom g) = 0. Third, Theorem E.1(a)
with 2 = R"™ and ¢ being an indicator function reduces to Theorem 5.5 of [9]. Fourth,
the main drawback about the last statement of Theorem E.1 is the fact that a constant
¢ > N(F;dom g) such that ¢ = O(N(F;dom g)) must be known. The natural question
then arises as to whether it is possible to compute a certificate that z{ is a (p, ¢)-
strong solution of VI(F, X) within a number of iterations bounded by (93), without
any knowledge of a constant ¢ as above.

(AR




COMPLEXITY OF TSENG’S AND KORPELEVICH’S METHODS 1719

An affirmative answer to the latter question is given by Theorem 4.4, whose proof
we now give.

Proof of Theorem 4.4. Consider the sequences {Z§¢} and {¢}} defined in (36)
and (37), and the sequence {0f} defined in (90) with ¢ = 2/N(F;domg). Then, by
Theorem E.1 the pair (0¢,£%) is a strong residual of 2¢ for HVI(F, g) satistying the
estimates (38) and (91) with ¢ = 2 N (F;dom g). Hence, we easily conclude that there
exists ko such that (40) holds and ¢ is a (p/V/2,e/2)-strong solution of HVI(F,g)
for any k > kg. This conclusion together with Proposition 3.6(b) then implies that
the pair (rz(2¢; F, g),e:(Z%; F, g)) is a strong residual of z¢ for HVI(F, g) satisfying
(41). O

Acknowledgment. The authors would also like to thank the two anonymous
referees for their insightful comments on the first few drafts of this paper.

REFERENCES

[1] A. AUSLENDER AND M. TEBOULLE, Asymptotic Cones and Functions in Optimization and
Variational Inequalities, Springer Monogr. Math., Springer-Verlag, New York, 2003.
[2] R. E. BRUCK, JR., On the weak convergence of an ergodic iteration for the solution of vari-
ational inequalities for monotone operators in Hilbert space, J. Math. Anal. Appl., 61
(1977), pp. 159-164.
[3] R. S. BuracHIK, A. N. IUsEM, AND B. F. SVAITER, Enlargement of monotone operators with
applications to variational inequalities, Set-Valued Anal., 5 (1997), pp. 159-180.
[4] F. FACCHINEI AND J.-S. PANG, Finite-dimensional variational inequalities and complementarity
problems. Volume 11, Springer-Verlag, New York, 2003.
[5] E. G. GOLSHTEIN AND N. V. TRETYAKOV, Modified Lagrangians and Monotone Maps in Opti-
mization, Wiley-Intersci. Ser. Discrete Math. Optim., John Wiley & Sons Inc., New York,
1996.
(6] 1. V. KoNNOV, A combined method for solving variational inequalities with monotone operators,
Zh. Vychisl. Mat. Mat. Fiz., 39 (1999), pp. 1091-1097.
[7] 1. V. KonNov, Combined relazation methods for generalized monotone variational inequalities,
in Generalized Convexity and Related Topics, Lecture Notes in Econom. and Math. Systems
583, Springer, Berlin, 2007, pp. 3-31.
[8] P.-L. LioNs, Une méthode itérative de résolution d’une inéquation variationnelle, Israel J.
Math., 31 (1978), pp. 204-208.
[9] R.D. C. MONTEIRO AND B. F. SVAITER, On the complezity of the hybrid prozimal extragradient
method for the iterates and the ergodic mean, SIAM J. Optim., 20 (2010), pp. 2755-2787.
[10] A. NEMIROVSKI, Proz-method with rate of convergence O(1/t) for variational inequalities with
Lipschitz continuous monotone operators and smooth convex-concave saddle point prob-
lems, SIAM J. Optim., 15 (2004), pp. 229-251.
[11] A. S. NEMIROVSKI, Effective iterative methods for solving equations with monotone operators,
Ekonom. i Mat. Metody, 17 (1981), pp. 344-359.
[12] A. S. NEMIROVSKIT AND D. B. JUDIN, Cesaro convergence of the gradient method for the ap-
prozimation of saddle points of convex-concave functions, Dokl. Akad. Nauk SSSR, 239
(1978), pp. 1056-1059.
[13] Y. NESTEROV, Dual extrapolation and its applications to solving variational inequalities and
related problems, Math. Program., 109 (2007), pp. 319-344.
[14] M. A. NOOR, An extraresolvent method for monotone mized variational inequalities, Math.
Comput. Modelling, 29 (1999), pp. 95-100.
[15] M. PATRIKSSON, Nonlinear Programming and Variational Inequality Problems. A Unified Ap-
proach, Appl. Optim. 23, Kluwer Academic Publishers, Dordrecht, The Netherlands, 1999.
[16] R. T. ROCKAFELLAR, On the mazimal monotonicity of subdifferential mappings, Pacific J.
Math., 33 (1970), pp. 209-216.
[17] R. T. ROCKAFELLAR, On the mazimality of sums of nonlinear monotone operators, Trans.
Amer. Math. Soc., 149 (1970), pp. 75-88.
(18] R. T. ROCKAFELLAR, Monotone operators and the prozimal point algorithm, SIAM J. Control
Optim., 14 (1976), pp. 877-898.



1720

RENATO D. C. MONTEIRO AND B. F. SVAITER

[19] M. V. SoLoDOV AND B. F. SVAITER, A hybrid approzimate extragradient-prozimal point algo-

[20]

21]

M.

M.

rithm using the enlargement of a mazimal monotone operator, Set-Valued Anal., 7 (1999),
pp. 323-345.

V. SoLopov AND B. F. SVAITER, A hybrid projection-proximal point algorithm, J. Convex
Anal., 6 (1999), pp. 59-70.

V. SoLopov AND B. F. SVAITER, An inexact hybrid generalized prozimal point algorithm
and some new results on the theory of Bregman functions, Math. Oper. Res., 25 (2000),
pp. 214-230.

. V. SorLobov AND B. F. SVAITER, A unified framework for some inexact proximal point

algorithms, Numer. Funct. Anal. Optim., 22 (2001), pp. 1013-1035.

. TSENG, On linear convergence of iterative methods for the variational inequality problem.

Linear/nonlinear iterative methods and verification of solution, (Matsuyama, 1993), J.
Comput. Appl. Math., 60 (1995), pp. 237-252.

. TSENG, A modified forward-backward splitting method for maximal monotone mappings,

SIAM J. Control Optim., 38 (2000), pp. 431-446.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


