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Abstract

In this paper, we consider a first-order block-decomposition method for minimizing the sum of a convex
differentiable function with Lipschitz continuous gradient, and two other proper closed convex (possibly,
nonsmooth) functions with easily computable resolvents. The method presented contains two important
ingredients from a computational point of view, namely: an adaptive choice of stepsize for performing an
extragradient step; and the use of a scaling factor to balance the blocks. We then specialize the method to
the context of conic semidefinite programming (SDP) problems consisting of two easy blocks of constraints.
Without putting them in standard form, we show that four important classes of graph-related conic SDP
problems automatically possess the above two-easy-block structure, namely: SDPs for f-functions and
0 -functions of graph stable set problems, and SDP relaxations of binary integer quadratic and frequency
assignment problems. Finally, we present computational results on the aforementioned classes of SDPs
showing that our method outperforms the three most competitive codes for large-scale conic semidefinite
programs, namely: the boundary point (BP) method introduced by Povh et al., a Newton-CG augmented
Lagrangian method, called SDPNAL, by Zhao et al., and a variant of the BP method, called the SPDAD
method, by Wen et al.

1 Introduction

Let R denote the set of real numbers, R" denote the n-dimensional Euclidean space, R’} denote the cone of
nonnegative vectors in R, ™ denote the set of all n x n symmetric matrices and S denote the cone of n xn
symmetric positive semidefinite matrices. Let X and W be finite dimensional vector spaces and consider the

conic programming problem
min{c(z) : Az =0b, z € KL}, (1)

where A : X — W and ¢ : X — R are linear mappings, b € W, ¢ € X and K C X is a closed convex
cone. Several papers [8 @, 20, 10, 19] in the literature discuss methods/codes for solving large-scale conic
semidefinite programming problems, i.e., special cases of in which

X =R x 8", W =R", K=R" xR} x S (2)

Presently, the most efficient methods/codes for solving large-scale conic SDP problems are the first-order
projection-type discussed in [9] 20] 10, 19 (see also [I4] for a slight variant of [9]).
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More specifically, augmented Lagrangian approaches have been proposed for the dual formulation of
with X, W and K as in for the case when m, n, and n; are large (up to a few millions) and n is moderate
(up to a few thousands). In [9,[14], a boundary point method for solving (1)) is proposed which can be viewed as
variants of the alternating direction method of multipliers introduced in [6l [7] applied to the dual formulation
of (I). In [20], an inexact augmented Lagrangian method is proposed which solves a reformulation of the
augmented Lagrangian subproblem via a semismooth Newton approach combined with the conjugate gradient
method. Using the theory developed in [II], an implementation of a first-order block-decomposition (BD)
algorithm, based on the hybrid proximal extragradient (HPE) method [I7], for solving standard form conic
SDP problems is discussed in [10], and numerical results are presented showing that it generally outperforms
the methods of [9, 20]. In [19], an efficient variant of the BP method is discussed and numerical results are
presented showing its impressive ability to solve important classes of large-scale graph-related SDP problems.
It should be observed though that the implementation in [I9] is very specific in the sense that a different
code is developed for each SDP class taking advantage of its special structure, without bringing the SDPs to
standard form as in the approaches of [9, 20, [10].

Our goal in this paper is to study the performance of a BD method based on the BD-HPE framework in [11]
for solving conic optimization problems, not necessarily in standard form, with two “easy” blocks of constraints.
We will simply say that these problems have the “two-easy-block” structure. We first present a first-order BD
method for minimizing the sum of a convex differentiable function with Lipschitz continuous gradient, and two
other proper closed convex (possibly, nonsmooth) functions with easily computable resolvents. The method
presented contains two important ingredients from a computational point of view, namely: an adaptive choice
of stepsize for performing an extragradient step; and the use of a scaling factor to balance the blocks. We
discuss its specialization to the context of conic SDP problems possessing the “two-easy-block” structure.
Then, we apply it to solve four important classes of graph-related conic SDP problems which have the two-
easy-block structure, namely: SDPs for §-functions and 6, -functions of graph stable set problems, and SDP
relaxations of binary integer quadratic and frequency assignment problems. Finally, we present computational
results on several instances of the aforementioned classes of conic SDPs showing that our method substantially
outperforms the codes in [10, 19, 20]. Since the code in this paper works directly in the conic optimization
problem as given, and hence works with a formulation with less number of variables, it is not surprising that
it also outperforms the BD method of [I0], which in contrast requires as input an SDP problem in standard
form.

Our paper is organized as follows. Section [2] reviews some facts about the e-subdifferential of a convex
function and the e-enlargement of a monotone operator. Section [3| presents an adaptive block-decomposition
HPE (A-BD-HPE) framework in the context of block-structured monotone inclusion problems, similar to the
one presented in [11], but with an adaptive choice of stepsize for performing the extragradient step. Section
presents a first-order instance of the A-BD-HPE framework, and corresponding complexity results, for
solving a minimization problem whose objective function is the sum of a finite everywhere convex function
with Lipschitz continuous gradient and two proper closed convex (possibly, nonsmooth) functions with easily
computable resolvents. Section [5|discusses the specialization of the method of Section 4] to the context of conic
optimization problems with a two-easy-block structure. Section [6] describes a generic stopping criterion and
a practical variant of the BD method of Section [5] which incorporates a dynamic update of the scaling factor
to balance the blocks. Section [7] presents numerical results comparing the latter variant of the BD method to
the method discussed in [I9] . Section [§] briefly compares this variant of the BD method with the methods in
[10] and [20]. Finally, Section 9] presents some final remarks.

2 The e-subdifferential and c-enlargement of monotone operators

In this section, we review some properties of the e-subdifferential of a convex function and the e-enlargement
of a monotone operator.

Let Z denote a finite dimensional inner product space with inner product and associated norm denoted by
(-,-)z and ||| z. A point-to-set operator T': Z =2 Z is a relation T C Z x Z and

T(z)=4{veZ|(z,v)eT}.



Alternatively, one can consider 7' as a multi-valued function of Z into the family p(2) = 2(%) of subsets of Z.
Regardless of the approach, it is usual to identify T' with its graph defined as

Gr(T)={(z,v) € Zx Z|veT(z)}.
The domain of T', denoted by DomT, is defined as
DomT :={z € Z:T(z) # 0}.
An operator T : Z = Z is affine if its graph is an affine manifold. An operator T : Z = Z is monotone if
(v—0,2—2%2); >0, Y(z,v),(2,0) € Gr(T),

and T is maximal monotone if it is monotone and maximal in the family of monotone operators with respect
to the partial order of inclusion, i.e., S : Z = Z monotone and Gr(S) D Gr(T') implies that S =T.

In [], Burachik, Tusem and Svaiter introduced the e-enlargement of maximal monotone operators. In [12]
this concept was extended to a generic point-to-set operator in Z as follows. Given T : Z = Z and a scalar
g, define T° : Z = Z as

T (z)={veZ| (z—Zv—0); > —¢, VZ€Z VoeT(2)}, Vze2Z. (3)
We now state a few useful properties of the operator T¢ that will be needed in our presentation.
Proposition 2.1. Let T, T : Z = Z. Then,
a) if e1 < eq, then T (z) C T°2(2) for every z € Z;
b) T¢(z) + (T") (2) C (T + 1)+ (2) for every z € Z and e,&' € R;
¢) T is monotone if, and only if, T C T°;
d) T is mazimal monotone if, and only if, T = T°;

We refer the reader to [2, 18] for further discussion on the e-enlargement of a maximal monotone operator.
For a scalar € > 0, the e-subdifferential of a function f : Z — [—o0,400] is the operator O.f : Z2 = Z

defined as
O-f(z)={v| f(2) > f(z) + (2 —2z,v); —¢, VZE€ Z}, VzeZ. (4)

When ¢ = 0, the operator J.f is simply denoted by Of and is referred to as the subdifferential of f. The
operator Jf is trivially monotone if f is proper. If f is a proper lower semi-continuous convex function, then
Jf is maximal monotone [16].

The conjugate f* of f is the function f* : Z — [—00, 00| defined as

[ (v) =sup (v,2) ; — f(2), YveZ.
zEZ

The following result lists some useful properties about the e-subdifferential of a proper convex function.
Proposition 2.2. Let f : Z — (—o0, 0] be a proper convex function. Then,

a) 0:f(2) C(Of)°(2) for anye >0 and z € Z;

b) if f is closed, then O-(f*) = (0-f)~* for any e > 0;

c) if ve df(z) and f(Z) < oo, then v € 0. f(Z), where e := f(2) — [f(2) + (2 — z,v)].



The indicator function of a closed convex set Z C Z is the function dz : Z — [0, o0] defined as

5y () = {07 z €7,

oo, otherwise.

For a closed convex cone K C Z, we have the following characterization about the conjugate and e-
subdiferential of dx.

Proposition 2.3. Let K C Z be a (nonempty) closed convex cone. Then, the following statements hold:
a) (0x)* = 0_x~, where K* is dual cone of K defined as

K':={we Z:{(z,z) >0,Vz € K};
b) for any € > 0, the pair (z,w) € Z X Z satisfies w € —0:0k(2) if, and only if, z € K, w € K* and
(z,w) 5 <e.

We finish the section by stating the weak transportation formula for the e-subdifferential whose proof can
be found for example in Lemma 3.4 of [1§].

Proposition 2.4. Suppose that [ : Z = [—00,00] is a closed proper convexr function. Let z;,v; € Z and
ei,a; € Ry, fori=1,... k, be such that

k
€0 f(z), i=l..k Y a=1
i=1
and define
k k
2= )i iz, V=) oG,

e =30 L aifei (2 — 2% v — v 5] = 0 o fes + (i — 2%, 0i) 5.

Then, € > 0 and v* € Oza f(2%).

3 The A-BD-HPE framework

In this section, we review the A-BD-HPE framework with adaptive stepsize for solving a special type of
monotone inclusion problem consisting of the sum of a continuous monotone map and a point-to-set maximal
monotone operator with a separable two-block-structure.

Let U and V be finite dimensional inner product spaces with associated inner products denoted by (-, -}y
and (-, -)y, respectively, and associated norms denoted by || - [jzs and || - ||y, respectively. We endow the product
space U x V with the canonical inner product (-,-); 1 and associated canonical norm || - ||,y defined as

{(an,0), (00 e = (Yo + (0,0, (00 e = /(0 0), (1 0)ee, (5)

for all (u,v), (v,v") €U x V.
Our problem of interest in this section is the monotone inclusion problem of finding (u,v) € U x V such
that
(0,0) € [F + Hy @ Ho(u,v), (6)

where
F(u,v) = (F1(u,v), Fa(u,v)) €U x V, (Hy ® Ha)(u,v) = Hy(u) x Ha(v) CU XV

and the following conditions are assumed:



A1) Hy:U =U and Hy : V =V are maximal monotone;

A2) F:DomF CU XV — U xV is a continuous map such that DomF D cl(Dom Hy) x V;
A.3) F is monotone on cl(Dom H;) x cl(Dom Hs);

A.4) there exists L, > 0 such that

| F1(u,v") — Fy(u,v)||r < Luw||v" —v|ly, VYu € Dom Hy, Yu,v" € V. (7)

It is trivial to check that H; ® Hs is maximal monotone. Moreover, in view of the proof of Proposition A.1 of
[13], it follows that F'+ H; ® Hs is maximal monotone. Note that problem @ is equivalent to

0 € Fi(u,v) + Hi(u), 0€ Fy(u,v)+ Ha(v),
We now state the A-BD-HPE framework.
Adaptive block-decomposition HPE (A-BD-HPE) framework:

0) Let (ug,vo) €U xV, 0 € [0,1], 04,0, € [0,1) and &, € [0,0,] be given and set k = 1;
1) choose A, > 0 such that

o? NeGuL Yz
W kOuliuv
o) 1= {max eig (l:)\kau Luy 02+ A2L2 ])} <o, (8)

uv
where max eig stands for the maximum eigenvalue;

2) compute Uy, ar € U and €j, > 0 such that

ar € Hi* (i), || Me[Fy(ik, veo1) + ar] + i — we—1||f; + 2Mkeh < opllie — ur—1lZ, 9)
[N [FL (G, vk —1) 4 ag] + g — w1 llo < Fulliin — g1l (10)

3) compute Oy, br € V and €} > 0 such that

br € Hy" (1), I\l Fe (i, ) + bi] + Tr — v [ + 20ef, < oo — ve—aI3; (11)
4) choose \j, as the largest A > 0 such that

\ Fy (g, O%) + ak n U\ [ ug—1 U\ (ug—1
F(ty, 0x) + by, Vg Vgp—1 Vg Vg—1

(ur, o) = (Up—1,Vk—1) — A[F (Ug, Ox) + (ar, br)], (13)
k «— k+ 1, and go to step 1.

2 2

+2X\ (e}, +€}) < o?
uy

; (12)
u,y

5) set

end
The following result is proved in Proposition 3.1 of [I1] (see also Proposition 3.1 of [I0]).

Proposition 3.1. Consider the sequences {\;} and {\,} generated by the A-BD-HPE framework. Then, for
every k € N, A = /\k satisfies . As a consequence \j, > )\k

We now review two convergence results (see Theorems 3.2 and 3.3 of [10]) for the A-BD-HPE framework.
The first one, referred to as the pointwise convergence result, is about the sequence {(ug,vx)}, while the
second one, referred to as the ergodic convergence result, is about an ergodic sequence obtained by averaging
{(@x, V) } using the sequence of stepsizes {\;} as weights.



Theorem 3.2. Assume that 0 < 1 and consider the sequences {(ux,0x)}, {(ak,br)}, {Ae} and {(¢}, el
generated by the A-BD-HPE framework and let dy denote the distance of the initial point (ug,vo) €U X V to
the solution set of @ Then, for every k € N, there exists i < k such that

1 1 242
| F (s, Ds) + (aq, bi)llu,v < do ro ( >7 g +ei < 7% (14)

_ k i = k :
We now state the ergodic convergence result, which is specialized to the the case where the map F' is affine.

Theorem 3.3. In addition to conditions A.1-A.4, assume that F is an affine map. Let dy denote the distance
of the initial point (uo,v0) € U x V to the solution set of (6). Consider the sequences {(uy,or)}, {(ak,br)},
{Ae} and {(¢},€])} generated by the A-BD-HPE framework and define for every k € N:

k k k

- 1 o i 1
Ak = Z)\“ (U%,Ug) = A—kZ)\l(ul,Ul), (a’;wbz) = EZAi(ak’bk) (15)
i=1 i=1 =1
and
1 k
e = g DN (e (i - T aidy) 20,
=1
1 k
Sk = 4o ST+ (B - T, bi)y) > 0.
=1

a
€1,k

Then, for every k € N, (af,b}) € H{"*(af) x H;g’“(f)g) and

2d 2d2
AO’ 6(11716 +€g,k S 0(1+7])7
k

Ag
e (14 >2>1/2’

Tz max{oy, o, } 1-o0,

[ (g, o) + (a, )l <

where

4 A BD algorithm for a class of structured convex optimization

This section presents a first-order BD algorithm, and corresponding complexity results, for solving a mini-
mization problem whose objective function is the sum of a finite everywhere convex function with Lipschitz
continuous gradient and two proper closed convex (possibly, nonsmooth) functions with easily computable
resolvents.

Throughout this section, X denotes a finite dimensional inner product space with corresponding inner
product and norm denoted by (-,-) and || - ||, respectively. We are concerned with the optimization problem

min f(x) + hi(z) + ho(x)
s.t. x e X, ' i (16)
where:

B.1) f,hi,he: X - RU {400} are convex lower semicontinuous proper functions;

B.2) f is differentiable on X" and its gradient is L-Lipschitz continuous, that is,

IVf(z) = V@ < Lle—2a|l, Vo2’ e



B.3) the intersection of the relative interiors of the effective domains of h; and hs is non-empty.

In view of the above assumptions and [I5, , Theorem 23.8], we have O(f + h1 + ha) = Vf + Ohy + Ohs.
Therefore, * is an optimal solution of if, and only if,

0€ VF(z*) + 0hy (z¥) + Ohs (z*). (17)

Using Proposition b), it then follows that x* is an optimal solution of if, and only if, there exists
y* € R™ such that
0e Vf(z")+ 0hy (") +y", 0 € 0h3 (y*) — x*.
It is interesting to note that the above inclusion problem is associated with the Lagrangian £ : X x X —
[—00, 00] defined as
L(z,y) = f(x) + h(z) + (z,y) — h3(y), V(z,y) € X x X,

in that it can be simply expressed as
0€d.L(x,y), 0€y(—L)(z,y), (18)

where the two partial derivatives are with respect to the same inner product (-,-) on X. Although one can
apply the A-BD-HPE framework directly to the above system with Hy = 9(f 4+ h1) and He = 0hj}, and
F(z,y) = (y,—x) for all (z,y) € X x X, it is more efficient from a computational point of view to introduce
a scale factor to balance the two inclusions in ([18).

Indeed, let 6 > 0 be given and consider the scaled inner product (-, -)g in X defined as

(x,2")g = 0"z, '), Vo, € X, (19)
and observe that the associated inner product norm, denoted by || - ||¢, satisfies
1
o= —=1/ - II. 20
-l \/éll I (20)

Also, denote the gradient and e-subdifferential of an arbitrary function ¢ : X — RU{oco} with respect to (-, )¢
by V%4 and 0%, respectively. It is trivial to see that

Vi =0(Ve), 8¢ =06(0-9). (21)
It turns out that the monotone inclusion problem is equivalent to
0€dL(z,y), 0€dy(—L(x,y)), (22)

or equivalently,
0 € O(Vf(z)+0hi(z)+y),

0 € 0Ohl(y) —u.

We note that the use of (18], or more generally (23), as a way of solving is well known (see for example
the methods described in [8 @] [11]).
The above system is determined by £ and the inner product norm on X x X defined as

I, )l = \/ll2lF + llyl?, V(z,y) € X x X. (24)

(23)

Note that this norm is the one given by whenU =V =X and |- |lu =11l and || - [y = - ||. Note also
that the inclusion system is a special case of the monotone inclusion problem (6) with
UZX, <'7'>U = <'7'>0a VZX? <'a'>V: <'7'>7 (25)
and F:U XY —-UXV, H:U = U, and Hy : V ==V defined as
F(z,y) == (0y, —x), Hi(z):="(f +hi)(x) = 0(Vf(x) + Ohi(z)), Ha(y) = Ohj(y). (26)

The following simple result summarizes the main properties of the scaled reformulation (or equivalently,

@2)) of ([17).



Proposition 4.1. The inner product spaces U andV defined by , and the map F and operators Hy and Hs
defined by , satisfy conditions A.1-A.4 with Ly, = V0. Moreover, the inclusion problem is equivalent
to the inclusion problem

(0,0) € [F + Hy ® Hy)(,y).

Our goal now will be to state an instance of the A-BD-HPE framework for solving under the assumption
that the resolvents of both dh; and Ohs, that is, the maps (I + A\dh;)~! for every A > 0 and i = 1,2, can be
computed exactly. In other words, we assume that minimization subproblems of the form

1
géi)r(l hi(x) + 5”1: — zo|1?

can be exactly solved for any zg € X, A >0 and i = 1, 2.
We now state the aforementioned instance of A-BD-HPE framework for solving .

Algorithm 1 : Scaled A-BD-HPE method for

0) Let (zo,y0) € X x U, 0 >0, 01 € (0,1) and o € 01, 1] be given, and set k = 1 and

B 2
)\::min{gz,\;é}; (27)

1) set @y == (1 + Xeahl)fl (m,H — X (Vf(zpor) + yH)) ;

2) set §x := (I + AOh3) ™ (yp—1 + AZw);

3) choose \j to be the largest A > 0 such that

IMOT1 ks T2.0) + (s Tr) — (k15 Ye-1) 5.0 + 2208k < 02Nk ) — (Th—1,v-1) 5.1 (28)
where
1 5 5 1 5 L. 9
Tk = 5t (-1 — T) + Tk — Yo—1), T2k = X(yk—l — k), €Ek= §||$k I | (29)

4) set (zr,Yr) = (Th—1,Yr—-1) — Me(Or1k,72%) and k «— k4 1, and go to step 1.

We now make a remark about Algorithm [1] Note that the formula for computing . in step 2 of Algorithm
involves the resolvent of 9hj3, instead of Ohs. Using Moreau’s formula below and Proposition [2.2b) with
f =he and € = 0, it can be easily seen that g can also be computed as

Yk = Yk—1 + S\fk- - (I+ Sflahg)il (Sxflyk—l + i‘k) . (30)

Clearly, depending on the function ho, one of these resolvents might be easier to compute than the other
one, and hence is the better one for computing ;. Using Moreau’s formula below, it is also possible to give
an expression for computing Zj in terms of the resolvent of 0h]. Again, which one to use computationally
will depend on the function h;. We have chosen the formulae in steps 1 and 2 of Algorithm [1] due to their
symmetry and the fact that they are more convenient for our theoretical presentation.

We now state Moreau’s identity in the following result.

Lemma 4.2. [Moreaw’s identity; see Lemma 6.3 in [11]] Let A > 0, a € R™ and A : R™ =2 R™ be a point to
set maximal monotone operator. Then,

a=(T+ ) @+AT+21A ) (A a).



The following result shows that Algorithm [1]is a special instance of the A-BD-HPE framework applied to
2.

Lemma 4.3. Let o, := 01, and &, := 0 and o, := 0 and let inner products (-, )y and (-, )y and operators F,

Hi and Hs be defined according to and (26). Consider the sequences {(zk,yr)}, {(Zr, Ur)}, {(r1,6,.72,6)}
and {ey} generated by Algorithm and, for every k € N, define A\, := A,

Tp—1 — Tk

~ ~ /
Uy = T, Uk = Tp, Q= —Oyr—1, &, :=¢g (31)

and

by = @/k—1~* Yk

Vk =Yk Uk = ks + Tk, ep:=0. (32)

Then, the following statements hold for every k € N:
a) N\ satisfies ®);
b) e, up—1 and the triple (g, ax, €},) satisfies @ and and
0~ a, = V f(xr-1) + Ohi(Zk) € (01 f + Oh1)(E1); (33)

c) e, Ve_1 and the triple (Ok, bi, €1) satisfies , and
b € Ohs(Jr); (34)

d) (9r17k7r271€) = F(‘ilwgk) + (aka bk)

Proof. Statement a) follows immediately from condition , the definition of oy, G, 0v and A in the
statement of the lemma, and the fact that Ly, = v and o1 < o, in view of Proposition
Now, it follows from (31), and the definition of F in that

Ak[F1 (g, V1) + k] + G — up—1 = Me[0vp_1 + ag] + @ — up—1 = ANOys_1 + ap] + T — 21 =0
and _ B B
Ae[Fo (g, Or) + b + O — vp—1 = Mp[—Ug + bp] + O — vp—1 = A[=Zp + b] + I — yr—1 = 0.

Clearly, the first identity and the fact that 6, = 0 imply that A, ur_1 and (T, ax, €},) satisfy , and also
the inequality in (9), due to the fact that the definition of ¢, ex, o, and i, and relations and (27),
imply that

2
~ ~ ~ - 0’ - -
2)\k€;€ = 2)\Ek = L)\ka — .%‘k_1||2 S ?IH.’L‘;C — .%‘;.3_1”2 = 0’2”1‘1C — xk_1||§.

Moreover, the second identity and the fact that ¢}/ = 0 and o, = 0 imply that Me, Up_1 and (0, by, €} satisfy
the inequality in . We will now show that the inclusions in @ and hold. Indeed, Assumption B.2
easily implies that

J@r) = fwp—1) = (Vf(xr-1), Tk — Tp—1) < gllfk —zpall’ =ex = ¢,

where the last two equalities follow from the definition of ¢}, and . Using the last conclusion, the fact that
Vf(xk—1) € 0f(xk-1), Lemma c) with v = Vf(2k_1), 2 = zx—1 and Z = T, we then conclude that
Vf(zg-1) € O f(Zx). Now, using the definition of T in step 1 of Algorithm |1} ay in , and Hs in ,
the last conclusion, relations and , and Proposition (a), we conclude that

a € O[V f(wr—1) + Oh1(&x)] € 0(0ey f + Ohy)(Er) C 0 [asgc(f + hl)(i—k)]
=08 (f + h) (@) C [0°(f + )| () = (H)™ (),



which shows that and the inclusion in (9) hold. Also, the definition of §j in step 2 of Algorithm [1} by, in
, and H; in , the fact that €} = 0, and Proposition (d), imply that

"

by, € Oh(Tr) = Ha(Gx) = Ha* (Jx),

which shows that and the inclusion in hold. We have thus shown statements b) and c).
Statement d) follow immediately from the definition of F, aj and by, in (26, and (32), respectively,
and the definition of 71 and 72 in . O

It follows from Lemma that Algorithm [1]is a special instance of the A-BD-HPE framework. Hence,
the convergence results described in Theorems [3.2] and apply to it. In what follows, we will describe the
implications of these two results towards the behavior of Algorithm

However, we first make some observations regarding the distance of the initial point (x¢, yo) to the solution
set of with respect to the norm ||(-,-)||g,1. First observe that the solution sets of and are the
same. Second, by the saddle-point theory, this set is of the form X* x Y* C X x X. Third, the distance df of
the initial point (zg,yo) to the solution set of with respect to the norm ||(-,)]l¢.1 can be expressed as

df = \/0-1d3 o + d3, (35)

dyo :=min{||z —zo|| : x € X"}, doo:=min{|jly —yol :y € Y"}.

where
Theorem 4.4. Consider the sequences {(zr,yr)}, {(Tr, )}, {(rik,72.1)} and {ex} generated by Algorithm
under the assumption that o < 1. Then, for every k € N,

Tk € Vf(Ik_1) + 8h1(ik) + Uk € 8Ekf(£k) + 8h1(5:k) + Uk, (36)
T2,k € Oh5(Jk) — T, (37)

and there exists 1 < k such that

1 LVe)| (Vo 140
\/9||7“1,z'||2 + [|reil|? < maX{J, U%} <\/E> \/(1 _J> (0-1d3 o +d3,),

1 LA (VB 0 B+ )
€; < max y 3 3 21— o?) .

g 07

Proof. Consider the sequences {ar} and {b;} defined in and , respectively. It follows from the
definition of r1  and ro in that

ik =Tk + 0 tag = 07 [Fy(Zk, Gr) + axl, rop = —Zp + by = Fo(Zg, Uk) + . (38)

Now, and follow from the above two identities and relations and (34). Moreover, the above two
identities together with Theorem imply the existence of 7 < k such that

140 1 1+0 dy
97‘ 7;,7’71‘ Sd S e
16715, 723)llo.1 < doy | T— (Aizf_l Aj> VisoivE

2 12 2 72
o°d o°d
0 < 0

Eig k = NP
21— 02)SF A 2(1— o)Ak

j=1

and
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where the second and fourth inequality follow from Proposition and the fact that A\, = \ for all k € N.

Using the definition of || - ||o and ||(-,-)|le,1 in and (24), respectively, identity (35)), and the fact that
implies that

~ 1 0L
A—I:x/émax{, \C } (39)
o’ o7
we easily see that the last two estimates imply the two bounds in the conclusion of the theorem. O

Theorem 4.5. Consider the sequences {(vi,yr)}, {Zk,¥r)} and {er} generated by Algorithm |1 and the
sequences of residuals {r1} and {r1 1} defined in , For every k € N, define

k k k
Ag = ZM, (@, 1) = AL Z)\i(fz‘,ﬂi)a (rf 78 1) o= Ay ZAi(Tl,ImTQ,k) (40)

i=1 i=1 i=1
and
k k
€(1l7k, = A;lz)\z[é‘k + <T177; *gi,fi f:i:@], 5(21,,% = A;lei<T27¢+i‘i,gi 71,~lg>, 5% = Etll,k +€g,k' (41)
i=1 i=1
Then, for every k € N,
(18 € (Do, (F o+ (G ) (@0)] % [0eg, (b3 — (38, ) (30)]
C O [L(yx) — L(Z, (@, 7%) (42)

1 VoL | (2v6
W”“"%,kll2+||rs,kl2Sm&X{Uv = }(k;) VO + By, (43)

\/éLa} 8vo

Ezgmax{l, g A—on)

1
Proof. Counsider the sequences {ay} and {by} defined in and ([32)), respectively, and the sequences {(ag, b%)}
defined in (15). Note that by and the definition of (-, ), we have

and

k] (072 + ) (a9

k k
e =AY Nilew + (@i, & — 30)el, €5y = AL Nibi, i — G-

i=1 i=1
Hence, it follows from Proposition Theorem and relations and (38), that

a a ~ ~ ~a Ja ~a ~a ~a 7a de de
100 s r3 ) llo.r = 10Tk, —x) + (@i, bi)llo,r = 1F (@, 4k) + (ak, b)llog < ZA*(; <22,

8 dg)? 8 df)?
=t e s (1o ) 9 < (155 ) 4
i+l k

1—o0y 1—0q kX
Using the definition of ||(-,-)||e.1, identities and (39), we easily see that the above two inequalities imply
and ([44). Now, (36), (37), and Proposition [2.4]imply that

Mk €0, (f +h) (@) + 0k, 73y € O, (h2)(UR) — T

and

and hence that
K € ey L)ELTD, 75 € (L) T0).

These inclusions are easily seen to imply ({2). O
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5 Specialization of Algorithm (1] to conic optimization

In this section, we discuss the specialization of Algorithm [1] to the context of conic optimization problems
possessing the two-easy-block structure.

More specifically, let X’ be as in Section [ and, for i = 1,2, let W; be an inner product space whose inner
product and associated norm is denoted by (-, ), and [-[|,,, . We consider the conic optimization problem of
the form

zp :=min {c,x)
s.t. Aix — b € Ky (45)
Agl‘ — bg S Kg,

where c € X, by € Wy, b € Wo, A1 : X — W; and Ay : X — Ws are linear maps, and Ky € Wy and Ko C W,
are nonempty closed convex cones. Observe that is a special of in which

fO)=Ae)y hi() =0m, () = b, (Ai(r) = i), i=1,2, (46)
and
M ={zeX : Az—-b ek}, i=12 (47)
Throughout this section, we make the following assumptions on :
C.1) has an optimal solution, and hence z} € R;
C.2) has a Slater point, i.e., there exists € X such that A;x — b; € riKC; for i =1, 2;
C.3) the resolvent of h; = dq,, or equivalently, the projection onto M;, is easy to evaluate for i = 1, 2.

The dual of is the conic optimization problem given by

ZB = Imax <bl,’w1>v\)1 —+ <b2,1[)2>w2
s.t. AT(Ul + A§w2 =C (48)
wy € ]CT, wo € ’C;,

where A7 is the adjoint of A; and K is the dual cone of K;, ¢ = 1,2. It is well-known that assumptions C.1
and C.2 imply that the dual of has an optimal solution and that 25 = z7,.

Although not apparent in the discussion of Section[d] it will be shown in Theorem [5.2 below that Algorithm
applied to (45) generates a dual sequence {(w1 k,wsz )} which solves the dual problem in the limit.
We start by stating the following result which shows that assumption C.3, i.e., the ability to compute the
projection onto M;, provides meaningful dual information.

Lemma 5.1. Let h; : U — [—o00,00] be defined as in , and assume that A; : X — W; is such that
Ai(X)N1iK; # 0. Then, the following statements hold:

a) for any e > 0, (x,y;) € X X X satisfies y; € O-h;(x) if, and only if, x € M; and there exists w; € W
such that
w; € ]Cra <wia-/4i$ - bL>Wl <eg, Afwl = "Yis

b) for any X > 0, (z,p;) € X x X satisfies v = (I + \oh;)"1p; if, and only if, x € M; and there exists
w; € W; such that

w; € K:, <U}Z',.Ai$(] — bz>WL =0, Afwl = % (49)

Proof. We first prove a). Since h; = 0, (A; () —b;), it follows from a well-known property of the subdifferential
and the assumption A; (X)NriK; # 0 that Oh;(x) = Af0dx, (A;x—b;). Hence, y; € Oh;(z) if, and only if, there
exists w; € —90k, (Aixz — b;) such that Afw; = —y;. The lemma now follows Proposition b). Statement
b) follows trivially from a) with e = 0. O

12



We observe that the condition A;(X)Nrik; # () in the statement of Lemma [5.1]is implied by Assumption
C.2.
The following result shows precisely how Algorithm [1|is solving the dual problem in the limit.

Theorem 5.2. Consider the sequences {(Zy,3x)} and {(xk, yr)} generated by Algorithm[1) with f, hy and hy
given by and under the assumption that o < 1. Then, for every k € N, the following statements hold:

a) AiZp — by € Kq, Aa(Zr +rok) — be € Ko and there exists (w1 g, wa ) € K x K3 such that
c— Alwp — Aswop =71k, AWk = —Tr,
(w1, ATk — bi)w, =0,  (wak, A2(Zx + 12.5) — b2)w, = 0;
b) the duality gap dgy, := (¢, Tr) — ((b1,w1,k)w, + (b2, w2 k)w,) can be alternatively computed as
dge = (r1,k, L) + (r2,k, Ji);

¢) there exists i < k such that

\/5 l1+o
maX{\/gHTl,i , HT27i||} < (77\/% (1 — J) (9‘%{%0 + d%,o).

Proof. In view of step 1 of Algorithm and Lemma (b) withi =1, A =M, 2 = &, and p; = xp_1 — A(c+
Yr—1), we conclude that A2y — b1 € Ky and there exists wy , € K such that

Tk — [xg—1 — M(c+ yr-1)]
Y.
where the last equality follows from . Moreover, it follows from and that

(w1, ATk —bi)w, =0, Ajwip = =c—7r1k+ Uk,

T + rok € (I + 5\718}12)71(5\71%6_1 + :f?k)
Hence, it follows from Lemma b) with i = 2, A = ;\_1, T =T +ro, and pp = X‘lyk_l + Ty that
Ao (Zp + 1o k) — b € Ko and there exists wy i, € K5 such that

(wa oy A2 (g, + T2 1) — badw, =0,  Ajway = MNop — ys—1 = — Tk,

where the last equality is due to . We have thus shown a) and b). Statement c¢) follows from Theorem
and the fact that now L = 0. O

We now make some observations about Theorem First, although Theorem shows how to generate
a dual sequence {(wi x,ws )} which solves the dual problem in the limit, it is important to note that
Algorithm (1] applied to can be implemented without ever generating such a sequence. Second, Theorem
a) shows that 2, and its perturbation & + 72 exactly satisfy the first and second blocks A;x — by € K4
and Aoz — by € Ko, respectively. Third, in regards to the first observation, statements a) and b) of Theorem
show that the quantities ¢ — Ajwy , — Ajwa, and (¢, Zx) — ((b1, w1 ) w, + (b2, w2 k)W, ), commonly used
in stopping criteria presented in the literature, can be computed in terms of T and g, and hence their
computation do not require (wq 5, w2 ). In view of the latter observation, we can check whether an iterate
of Algorithm [1| applied to satisfies the usual stopping criteria in terms of the duality gap measure and
violations to the constraints in and without the need of generating (wj j, w2 ). Fourth, the inner
products (-, -)W1 and (-, -)W2 play no role in the actual implementation of Algorithm (1 applied to . In
fact, they are only used to construct the dual problem and, if necessary, the dual sequence {(w1 5, w2 x)}-
Fifth, Theorem (c) sheds light on how the scaling parameter 6 might affect the sizes of the residuals ry
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and 7y . Roughly speaking, viewing all quantities in the bound of Theorem c), with the exception of 6,

as constants, we see that
|=0 (max{l,@‘l/Q}) , lrekll = O (max{1,91/2}> .

Hence, the ratio ||ra x||/||71,k]| can grow significantly as 6 — oo, while it can become very small as § — 0. This
suggests that this ratio increases (resp., decreases) as 0 increases (resp., decreases). In fact, we have observed
in our computational experiments that this ratio behaves just as described.

71,k

6 A practical dynamically scaled BD method

In this section, we describe three measures that quantify the optimality of an approximate solution of ,
namely: the primal infeasibility measure; the dual infeasibility measure; and the relative duality gap. We also
describe two important refinements of Algorithm (1] for solving , whose goal is to balance the magnitudes
of the primal and dual infeasibility measures. More specifically, we describe: i) a scheme for choosing the
initial scaling parameter #; and ii) a procedure for dynamically updating the scaling parameter 6 to balance
the sizes of the primal and dual infeasibility measures as the algorithm progresses.

Let X be as in Section [ For the purpose of describing a generic stopping criterion for Algorithm [1} let
HHQM be a given norm in the inner product space W; and define the distance d;(-) as

di(w):min{walDHg/vi cw e K} Yw € W;.

We can define the primal infeasibility measure as

ep(x) = \Jdi (Arz — b)) + da (Aoz — o), Vo€ X. (50)

Also, for a pre-specified scalar 1 > 0, define the dual infeasibility measure as
1 * *
eD(wl,wg) = ;Hc—Alwl _AQU}QH, V(wl,wz) € Wi X Ws. (51)

Note that, in view of , ep(wi,ws) is the magnitude of the dual residual ¢ — Ajw; — Ajws in terms of the
norm ||-||,, where § = p?. Clearly, an arbitrary norm on X could be used in place of the latter norm to define
ep (w1, ws), but this norm suffices for the sake of our discussion. Finally, define the relative duality gap as

(¢, ) = ((b1,w1) + (b2, w2))
¢, )| + [(br, wr) + (bz, w2)| 4+ 1’

eq(z,wr,wy) = T Ve e X, V(wi,ws) € Wy X Wa. (52)

Observe that if epy, ep i and eg denote the values of (50, and evaluated at z = 2, and
(w1, ws) = (w1, wa i), respectively, then, in view of Theorem 5.2 we have

epr = do (AT —ba) <||[(A2Zp —b2) — (A2 (Tg +72k) — b2)||;,\,2 < HA27'2,I€H;/\;2 , (53)

1
epre = —|riell, (54)
m

con = (rik, Zx) + (ra.e, Uk) (55)
’ (¢, Zr)| + (1,5, Tie) + (P2, Ur) — (¢, k)| + 17

Given a tolerance € > 0, a suitable stopping criterion for Algorithm [1] applied to (45) would be
InaX{EP’k,GD’k7EG7k} <eE. (56)

We now discuss two important refinements of Algorithm |1 for solving , whose goal is to balance the
magnitudes of the primal and dual infeasibility measures epj, and ep ;. First note that and implies
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that epi/ep k= O (|Ir2,kll/l171,k]). Hence, in view of the last observation in the paragraph immediately after
Theorem the latter ratio can grow significantly as 8 — oo, while it can become very small as # — 0. This
suggests that this ratio increases (resp., decreases) as 6 increases (resp., decreases). Indeed, our computational
experiments indicate that the ratio ep/ep r behaves in this manner.

In the following, let 0y denotes the dynamic value of 6 at the kth iteration of Algorithm [1] Observe that,
in view of (53], and (29), the measures ep, and ep  depend on Z;, and gy, whose values in turn depend
on the choice of 0, in view of steps 1 and 2 of Algorithm [I] Hence, these two measures are indeed functions
of 0, which are denoted as ep(0) and ep 1 (0) .

We first describe a scheme for choosing the initial scaling parameter 6;. Let a constant p > 1 be given and
set @ =1. If ep1(0)/ep1(0) > p (vesp., ep1(0)/ep1(0) < p~t), we successively divide (resp., successively
multiply) the current value of @ by 2 until ep1(0)/ep 1(0) < p (vesp., ep1(0)/ep.1(0) > p~') is satisfied, and
set 01 = 07, where 67 is the last value of §. Since there is no guarantee that this procedure will terminate, we
specify an upper bound on the number of times that 6 can be updated. In our implementation, we set this
upper bound to be 20.

We next describe a procedure for dynamically updating the scaling parameter 6 to balance the sizes of the
two measures ep(0) and €p ,(0) as the algorithm progresses. As in [I0], we use the heuristic of changing 6
every time a specified number of iterations have been performed. More specifically, given an integer k > 1,
and scalars v > 1 and 0 < 7 < 1, we use the following dynamic scaling procedure for updating 6y,

Or_1, k#Z0modkory ' <épy 1/epr1 <7
0, = 7'23]6,1, k=0 mod k and Ep’kfl/ED’kfl >y , Vk > 2, (57)
7720,_1, k=0modk and épj_1/epj_1 <7y *
where R R
k—1 k—1
€Epk—1 = H €pi , €D k-1 = H €D , Vk > k. (58)
i=k—Fk i=k—Fk

Roughly speaking, the above dynamic scaling procedure changes the value of § at most a single time in the
right direction, so as to balance the sizes of the residuals based on the information provided by their values at
the previous k iterations. We observe that a dynamic scaling procedure using epi—1 and ep 1 in place of
€pi—1 and €p _1 in , respectively, is proposed in [10]. However, the more conservative procedure based
on the aggregated measures in have performed better in our computational experiments.

In our computational experiments, we will refer to the variant of Algorithm [1] in which the two schemes
described above are incorporated into as the two-easy-block-decomposition HPE (2EBD-HPE) method. To
illustrate the importance of the above two schemes, we have chosen an instance of a conic optimization
problem to compare the performance of the 2EBD-HPE method against the performance of the 2EBD-HPE
method without incorporating exactly one of the schemes above. Figure [I] compares the performance of the
2EBD-HPE method against its variant (VAR1) in which 6 is initialized as 1 instead of ;. Figure [2|compares
the performance of the 26BD-HPE method against the its variant (VAR2) in which dynamic scaling is removed
(i.e., Oy set to 67 , for every k > 1). In addition, in order to illustrate the importance of making an adaptive
choice of stepsize in Algorithm [I} Figure [3| compares the performance of the 2EBD-HPE method against the
its variant (VAR3) in which the stepsize Ay is chosen to be X\ = \/Lej for every k > 1. Figure |4 compares the
performance of the 2EBD-HPE method against the following three variants: i) (VAR2) the one that removes
the dynamic scaling (i.e., set 0 = 07, for every k > 1); ii) (VAR4) the one that removes the dynamic scaling
and the initialization scheme for 6, (i.e., set 0, = 1, for every k > 1); and iii) (VARS5) the one that removes

these latter two refinements and the use of adaptive stepsize (i.e., set 0 = 1 and A, = A\ = o, for every k > 1).

7 Numerical results: part I

In this section, we compare the 2EBD-HPE method described in Section [6] with a variant of the boundary
point method, namely SDPAD, presented in [19]. More specifically, we compare these two methods on four
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Figure 1: This example (BIQ-be200.8.8) illustrates how

the scheme for choosing the initial scaling parameter 6; can
help Algorithm [I] to start with an error at least 2 orders of

magnitude smaller.
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the adaptive stepsize improves the performance of Algorithm
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Figure 4: This example (BIQ-be200.8.8) illustrates how all
the refinements made in the application of the BD-HPE frame-
work to conic optimization helped improve the performance of

the algorithm.
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important classes of graph-related SDP problems, namely: SDP relaxations of binary integer quadratic (BIQ)
and frequency assignment (FAP) problems, and SDPs for 6-functions and 6, -functions of graph stable set
problems. This section contains three subsections. The first subsection considers SDP relaxations of BIQ
problems, the second one deals with SDP relaxations of FAPs, and the third one discusses SDPs corresponding
to the 6-functions and 6, -functions of graph stable set problems.

We have implemented the 2EBD-HPE method for solving in a Matlab code which requires the user
to provide their own projection subroutines onto the sets M;, i = 1,2, defined in .

For the 2EBD-HPE method, the computational results for the SDP relaxations of BIQs and FAPs were
obtained on a server with 2 Xeon X5460 processors at 3.16GHz and 32GB RAM, and the ones for the SDPs
corresponding to the #-functions and 6-functions of graph stable set problems were obtained on a single
core of a server with 2 Xeon X5520 processors at 2.27GHz and 48GB RAM. On the other hand, for the
SDPAD method we were able to obtain computational results for all instances of the above SDP classes only
on a laptop with an Intel Core 2 Duo processor and 4GB RAM, since it was the only machine we had at
our disposal which was compatible with this code. The use of two different machines is not an issue due to
the following reasons: i) our benchmark is based solely on the total number of iterations; and ii) the work
per iteration for the two methods are almost identical. Moreover, we should note that the stopping criteria
used by our method for solving the different classes of conic SDP problems are the same as the ones used by
SDPAD. The stopping criterion used for each one of the above classes of conic SDP problems will be described
separately in each one of the subsections below. Even though we have our own reservations in regards to the
stopping criteria used for the SDP relaxations of BIQ and the 6 -function SDP problems in that they omit the
amount of violation to the nonnegative orthant, we have decided to adopt them anyways for the purpose of
performing this benchmark. Thus, we have decided to preserve the integrity of SDPAD instead of modify its
stopping criterion and possibly its dynamic update of the penalty parameter. The only change we have made
on SDPAD is that we have eliminated the possibility of its stopping based on stagnation, i.e., little progress
from one iteration to the next one (see Subsection 3.4 of [19]).

We now make some general remarks about how the results are reported on the tables given below. Tables
and [9] compare our method against SDPAD. For every instance, we stop both methods when they
have reached an accuracy of 107° (i.e., € = 107% in relation ) according to the stopping criteria used
for its corresponding problem class. The number of iterations performed by any of the two methods for any
particular instance is marked in red, and also with an asterisk (*), whenever it cannot solve the instance by
the required accuracy, in which case the residual (i.e., the maximum between the infeasibility measures and
the relative duality gap) reported is the one obtained at the last iteration of the method. Also, the number
of iterations marked in blue in a row is the best one among the ones listed in that row with the convention
that, when a method cannot solve the instance, the corresponding number of iterations is assumed to be oc.
Tables [6l [ and [I0] report more detailed computational results obtained by our method 2EBD-HPE.

Finally, Figures @, and [8] plot the performance profiles (see [5]) of 2EBD-HPE and SDPAD methods
for each of the four problem classes. We recall the following definition of a performance profile. For a given
instance, a method A is said to be at most x times slower than method B, if the number of iterations performed
by method A is at most x times the number of iterations performed by method B. A point (z,y) is in the
performance profile curve of a method if it can solve exactly (100y)% of all the tested instances x times slower
than any other competing method.

7.1 Binary integer quadratic problems

This subsection compares the performance of our method 2EBD-HPE with that of SDPAD on a collection of
SDP relaxations of BIQ problems.

The SDP relaxation of the BIQ problem can be described as follows (see for example Section 7 in [20]).
Given an n X n symmetric matrix @), the BIQ problem can be formulated as

min {7 Qz: z € {0,1}"}.

By representing the binary set {0,1}" as {z ER22 -z = 0}, we obtain the following SDP relaxation
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st = { z = } -0, (59a)
diag(Z) —2=0, a=1, Z>0, z>0, (59b)

where Z € §™, z ¢ R" and o € R.

There is more than one way of viewing as a special case of the two-easy-block structure formulation
{@5). In our current implementation, we considered the following formulation. Let X = W := S"*l,
Wo =R" xRx 8" xR", ; = ST and Ky = 0, x 01 x RT"JFI)/Q x R, where 0,, denotes an n dimensional
vector of all zeros. Also, endow X with the Frobenius inner product. With these definitions, we can easily see
that we can view as having the two-easy-block structure if we let as M7 and as M.

In order to agree with the scaling of the data and error measures adopted by SDPAD for , we measure
the primal infeasibility measure ep as

V2 Idiag(2) — 2% + (a — 1)
2 9

ep(z) = (60)

and the dual infeasibility measure ep as in with 1 = 1+2||C|| ., where ||-|| ;- is the Frobenius norm defined
as

i iAlQJ VA c Rmxn. (61)

i=1 j=1

1Al =

Note that the above primal infeasibility measure is not a special case of (50)) since it does not take into
consideration the violations with respect to the constraints Z > 0, z > 0 and x = 0. We observe also that,
in view of the first inclusion in Theorem a), the constraint x > 0 is always satisfied by 2EBD-HPE, while
SDPAD approaches it in the limit. Also, with respect to the other constraints Z > 0 and z > 0, both methods
approach them only in the limit.

Tables [I] and [2] compare the two methods on a collection of 134 SDP relaxations of BIQ problems using
the tolerance € = 1075, For the purpose of this comparison, we considered 2EBD-HPE with ¢ = 0.99 and the
values of 7, 7 and k in the dynamic scaling rule (57)) set to v = 1.5, 7 = 0.9 and k = 10.

Tables [3| and {4] give more detailed computational results obtained by our method 2EBD-HPE, such as the
primal and dual objective function values, number of iterations, the primal and dual infeasibility measures as
described above, and the relative duality gap. Since our implementation of 2EBD-HPE is based on €p in order
to conform with the stopping criterion of SDPAD and, as observed above, ep does not take into consideration
the violations with respect to the constraints Z > 0, z > 0, we also include in Tables [3| and [4] a column with
the minimum value of all entries of . Figure [5] plots the performance profiles of both methods.

Note that 2EBD-HPE solves 132 (out of a total of 134) problems faster than SDPAD. Moreover, 2EBD-
HPE solves about 7 of them at least 3.5 times faster than SDPAD. Note also that 2EBD-HPE is able to solve
all instances while SDPAD fails to solve one of them, namely gka9b.

7.2 Frequency assignment problems

This subsection compares the performance of our method 2EBD-HPE with that of SDPAD on a collection of
SDP relaxations of FAPs.

The SDP relaxation of the FAP can be described as follows (see for example Subsection 2.4 in [3]). Given
a network represented by a graph G with n nodes and an edge-weight matrix W, the frequency assignment
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Table 1: Comparison of the methods on BIQ problems

Problem max{ep,cp,eq) Tterations
Instance  ng|m 2EBD-HPE  SDPAD 2EBD-HPE SDPAD
bel00.1 101[5252 970 -7 9.98 -7 1511 3200
be100.10 101|5252 9.63 -7 9.96 -7 1111 1394
bel00.2 101|5252 9.69 -7 9.98 -7 1200 2045
bel00.3 101|5252 9.91 -7 9.99 -7 1531 3630
bel00.4 101|5252 9.99 -7 9.95 -7 1500 2879
5e100.5 101|5252 9.98 -7 9.98 -7 1215 2508
bel00.6 101|5252 9.95 -7 9.97 -7 1470 2578
bel00.7 101|5252 9.94 -7 9.98 -7 1279 2619
bel00.8 101|5252 9.98 -7 9.27 -7 1246 2027
be100.9 101|5252 9.93 -7 9.99 -7 1168 1615
bel20.3.1 121[7502 9.96 -7 9.08 -7 1535 3038
bel20.3.10  121]7502 9.97 -7 0.93 -7 1373 2080
bel20.3.2 1217502 9.99 -7 1.00 -6 1721 3491
bel20.3.3 1217502 9.95 -7 9.25 -7 1527 1765
bel20.3.4 1217502 9.90 -7 9.47 -7 1660 2287
bel20.3.5 121]7502 9.90 -7 1.00 -6 2015 5004
bel20.3.6 121|7502 9.99 -7 9.98 -7 2047 4457
bel20.3.7 1217502 0.99 -7 1.00 -6 3229 7305
bel20.3.8 1217502 9.99 -7 0.98 -7 2405 6362
bel20.3.9 1217502 9.96 -7 1.00 -6 2370 7724
bel120.8.1 121]7502 9.02 -7 9.97 -7 1165 1754
bel20.8.10  121|7502 9.97 -7 1.00 -6 1513 3254
bel20.8.2 121|7502 1.00 -6 1.00 -6 2246 5942
bel20.8.3 121|7502 9.94 -7 9.99 -7 1632 3276
bel20.8.4 1217502 1.00 -6 9.98 -7 1802 2843
bel20.8.5 121[7502 9.97 -7 1.00 -6 1662 1076
bel20.8.6 121|7502 9.98 -7 9.99 -7 1357 3161
bel20.8.7 121|7502 9.97 -7 9.24 -7 1682 2252
bel20.8.8 121|7502 9.99 -7 9.53 -7 1278 1429
bel20.8.9 121|7502 9.91 -7 9.14 -7 1196 1371
bel50.3.1 151[11627 9.98 -7 1.00 -6 2104 2894
bel50.3.10  151]11627 9.99 -7 1.00 -6 2573 5580
bel50.3.2 151[11627 9.96 -7 1.00 -6 2063 3175
bel50.3.3 151]11627 9.95 -7 9.98 -7 1715 2240
bel50.3.4 151]11627 9.98 -7 9.99 -7 2007 2885
bel50.3.5 15111627 9.00 -7 9.96 -7 1878 5259
bel50.3.6 151]11627 9.93 -7 9.99 -7 1619 3384
bel50.3.7 151]11627 9.98 -7 9.96 -7 1997 2005
bel50.3.8 151|11627 9.97 -7 1.00 -6 2204 4535
bel50.3.9 151]11627 9.96 -7 9.95 -7 1323 1753
bel50.8.1 151|11627 9.90 -7 9.75 -7 1477 1856
bel50.8.10  151]11627 9.97 -7 9.99 -7 1720 2047
bel50.8.2 151[11627 9.98 -7 9.96 -7 1431 2451
bel50.8.3 151[11627 1.00 -6 9.91 -7 1768 2266
bel50.8.4 151[11627 9.97 -7 9.99 -7 1691 3564
bel50.8.5 151|11627 9.96 -7 9.98 -7 1930 3131
bel50.8.6 151]11627 9.99 -7 9.97 -7 1649 4075
bel50.8.7 151|11627 1.00 -6 9.99 -7 2184 3819
bel50.8.8 151]11627 9.99 -7 1.00 -6 2137 5844
bel50.8.9 151]11627 9.99 -7 9.96 -7 2066 5793
be200.3.1 201]20502 1.00 -6 9.98 -7 2023 2383
be200.3.10  201|20502 9.99 -7 9.99 -7 2287 4532
be200.3.2 201|20502 9.98 -7 9.97 -7 2304 2803
be200.3.3 201|20502 9.97 -7 1.00 -6 3167 7002
be200.3.4 20120502 9.98 -7 9.99 -7 2316 3574
520035 201|20502 9.98 -7 1.00 -6 2882 5825
be200.3.6 201|20502 9.99 -7 9.99 -7 2126 2443
be200.3.7 201|20502 9.98 -7 9.82 -7 2689 2827
be200.3.8 201|20502 9.97 -7 9.94 -7 2265 2323
be200.3.9 20120502 9.98 -7 1.00 -6 3787 6942
5e200.8.1 301[20502 9.08 -7 9.99 -7 3620 5078
be200.8.10  201]20502 9.97 -7 9.99 -7 2074 2639
be200.8.2 201|20502 1.00 -6 9.97 -7 1769 2264
be200.8.3 201|20502 9.99 -7 1.00 -6 2309 4468
be200.8.4 201]20502 1.00 -6 9.93 -7 2104 2436
5c200.8.5 201|20502 1.00 -6 9.99 -7 1965 3648
be200.8.6 201|20502 0.78 -7 0.91 -7 2451 3071
be200.8.7 201|20502 9.97 -7 9.87 -7 2118 2506
be200.8.8 201|20502 9.99 -7 9.96 -7 2079 2420
be200.8.9 20120502 9.97 -7 1.00 -6 2310 4097
be250.1 251[31877 9.98 -7 5.99 -7 3638 5023
be250.10 25131877 9.99 -7 1.00 -6 4220 10957
be250.2 25131877 1.00 -6 1.00 -6 3643 5404
be250.3 25131877 0.97 -7 0.99 -7 3207 3647
be250.4 251|31877 1.00 -6 1.00 -6 5779 12310
be250.5 351[31877 9.90 -7 9.08 -7 3560 6326
be250.6 25131877 9.99 -7 1.00 -6 3570 4319
be250.7 25131877 9.98 -7 9.98 -7 3321 6136
be250.8 25131877 9.99 -7 9.91 -7 3502 4202
be250.9 25131877 9.97 -7 9.98 -7 3947 6531
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Table 2: Comparison of the methods on BIQ problems

Problem max{cp,cp;ea) Tterations
Instance  ng|m 2EBD-HPE  SDPAD 2EBD-HPE SDPAD
bqp100-1 1015252 9.98 7 9.98 7 1291 1667
bgpl00-10  101|5252 9.99 -7 9.96 -7 1977 6585
bqpl00-2 101]5252 9.98 -7 1.00 -6 2742 5004
bqp100-3 101]5252 1.00 -6 1.00 -6 3505 14426
bqpl00-4 101]5252 9.98 -7 1.00 -6 2596 6059
bqpl00-5 101]5252 1.00 -6 1.00 -6 2248 8264
bqp100-6 101]5252 9.97 -7 9.95 -7 1237 2393
bqp100-7 101]5252 9.95 -7 9.82 -7 1775 1831
bqp100-8 101]5252 9.94 -7 9.99 -7 2307 7462
bqp100-9 101]5252 9.99 -7 9.99 -7 2156 5770
bqp250-1 25131877 1.00 -6 500 7 3481 5572
bqp250-10  251|31877 1.00 -6 1.00 -6 2922 3326
bqp250-2 251|31877 9.98 -7 9.99 -7 3591 6082
bqp250-3 251|31877 9.91 -7 9.98 -7 3877 3513
bqp250-4 251|31877 1.00 -6 9.97 -7 2972 3465
bqp250-5 25131877 1.00 -6 1.00 -6 1962 9768
bqp250-6 251|31877 9.98 -7 1.00 -6 3663 7066
bqp250-7 251|31877 0.98 -7 9.99 -7 3509 4398
bqp250-8 251|31877 9.98 -7 1.00 -6 2729 3364
bqp250-9 251|31877 9.99 -7 1.00 -6 3530 5097
bqp500-1 501126252 9.90 -7 1.00 -6 6542 7964
bqp500-10  501|126252 9.99 -7 1.00 -6 6967 7833
bqp500-2 501126252 9.99 -7 1.00 -6 7129 8611
bqp500-3 501126252 9.99 -7 9.99 -7 6947 7795
bqp500-4 501126252 9.99 -7 1.00 -6 6991 7741
bap500-5 501126252 9.90 -7 1.00 -6 6553 7411
bqp500-6 501126252 9.98 -7 1.00 -6 6561 7875
bqp500-7 501126252 9.99 -7 1.00 -6 6858 8302
bqp500-8 501126252 1.00 -6 9.99 -7 7357 9184
bqp500-9 501126252 1.00 -6 9.99 -7 6443 7708
gkalOb 1268127 9.98 7 9.95 7 2633 2045
gkal0d 1015252 9.97 -7 9.99 -7 1344 1963
gkald 101]5252 9.99 -7 9.98 -7 1082 5543
gkale 201|20502 9.99 -7 1.00 -6 3227 5657
gkalf 501126252 1.00 -6 1.00 -6 6680 7548
gka2d T01[5252 §.90 -7 507 7 1421 3081
gka2e 201|20502 9.99 -7 9.99 -7 2531 4375
gka2f 501|126252 9.99 -7 9.99 -7 7024 9190
gka3d 1015252 9.92 -7 1.00 -6 2643 9450
gka3e 20120502 9.93 -7 9.98 -7 2466 4134
gkast 501126252 9.90 -7 9.90 -7 6528 7177
gkadd 1015252 1.00 -6 9.99 -7 1427 3399
gkade 201|20502 9.99 -7 9.08 -7 3023 6043
gkadf 501|126252 9.98 -7 9.99 -7 6233 7402
gka5d 1015252 1.00 -6 9.73 -7 1240 1747
gkabe 20120502 9.90 -7 9.08 -7 2017 5486
gkasf 501126252 9.99 -7 9.99 -7 6255 8483
gka6d 101]5252 9.93 -7 9.57 -7 1468 2143
gkaTc 1015252 9.97 -7 1.00 -6 3193 7008
gka7d 1015252 9.66 -7 9.60 -7 1212 1805
gkaSa 101|5252 9.04 -7 0.58 -7 T5111 5877
gka8d 101]5252 9.98 -7 9.99 -7 2151 8219
gkaob 101]5252 7.58 -7 9.96 -4* 681 25000*
gkaod 101]5252 9.91 -7 9.92 -7 1175 1872
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Table 3: 2EBD-HPE results on BIQ problems

INSTANCE n|m (c, =) (b, w) Time min x; ep ep [e] Iterations
i
bel00.1 101(5252 -2.002135 +4 -2.002135 +4 10 -2.36 -7 9.70 -7 9.01 -7 -1.15 -6 1511
bel00.10 101]5252 -1.640851 +4 -1.640851 +4 9 -9.21 -8 1.43 -7 9.63 -7 -8.46 -7 1111
bel00.2 101]5252 -1.798872 +4 -1.798872 +4 10 -1.79 -6 9.69 -7 8.02 -7 +3.55 -7 1200
bel00.3 1011|5252 -1.823106 +4 -1.823106 +4 13 -1.60 -6 9.91 -7 6.99 -7 -2.86 -7 1531
bel00.4 101]5252 -1.984180 +4 -1.984180 +4 9 -1.66 -6 9.99 -7 5.14 -7 -2.96 -7 1500
bel00.5 101[5252 -1.688871 +4 -1.688871 +4 12 -2.15 -6 9.98 -7 7.02 -7 -4.16 -7 1215
bel00.6 101]5252 -1.814822 +4 -1.814822 +4 13 -9.80 -7 9.95 -7 6.75 -7 -8.45 -7 1470
bel00.7 1015252 -1.970087 +4 -1.970087 +4 10 -1.19 -6 9.73 -7 9.94 -7 -4.66 -7 1279
bel00.8 101(5252 -1.994637 +4 -1.994637 +4 8 -8.32 -8 6.46 -7 9.98 -7 -5.86 -7 1246
bel00.9 1011|5252 -1.426338 +4 -1.426338 +4 8 -5.91 -7 8.39 -7 9.93 -7 -7.46 -7 1168
bel20.3.1 121[7502 -1.380356 +4 -1.380356 +4 16 -1.87 -6 9.96 -7 6.61 -7 -8.65 -7 1535
bel120.3.10 121(7502 -1.293087 +4 -1.293087 +4 14 -6.21 -7 9.97 -7 9.59 -7 -2.08 -6 1373
bel20.3.2 1217502 -1.362663 +4 -1.362663 +4 13 -1.10 -6 9.99 -7 7.11 -7 -1.36 -6 1721
bel20.3.3 1217502 -1.298791 +4 -1.298791 +4 16 -3.31 -7 9.38 -7 9.95 -7 -1.21 -6 1527
bel20.3.4 121|7502 -1.451126 +4 -1.451126 +4 18 -2.18 -7 9.90 -7 8.96 -7 -1.50 -6 1660
bel20.3.5 121[7502 -1.199191 +4 -1.199191 +4 21 -2.63 -6 9.99 -7 5.24 -7 +2.70 -8 2015
bel20.3.6 121|7502 -1.343206 +4 -1.343206 +4 22 -2.84 -6 9.99 -7 6.79 -7 -4.58 -7 2047
bel20.3.7 121|7502 -1.456411 +4 -1.456411 +4 32 -1.51 -6 9.99 -7 7.13 -7 -3.30 -7 3229
bel120.3.8 121(7502 -1.530302 +4 -1.530302 +4 22 -1.13 -6 9.99 -7 9.25 -7 -1.74 -7 2405
bel20.3.9 121|7502 -1.124132 +4 -1.124132 +4 24 -4.52 -7 9.96 -7 7.10 -7 -4.99 -7 2370
bel20.8.1 121[7502 -2.019395 +4 -2.019395 +4 9 -5.18 -7 5.21 -7 9.92 -7 +7.84 -7 1165
bel20.8.10 121|7502 -2.002401 +4 -2.002401 +4 16 -1.49 -7 3.57 -7 9.97 -7 -5.88 -7 1513
bel20.8.2 121|7502 -2.007413 +4 -2.007413 +4 26 -2.24 -6 1.00 -6 8.29 -7 -6.92 -7 2246
bel20.8.3 121|7502 -2.050590 +4 -2.050590 +4 17 -1.17 -6 9.94 -7 6.83 -7 -4.56 -10 1632
bel20.8.4 121|7502 -2.177981 +4 -2.177981 +4 19 -1.99 -6 8.88 -7 1.00 -6 -1.47 -6 1802
bel20.8.5 121]7502 -2.131628 +4 -2.131628 +4 14 -1.85 -6 9.97 -7 7.06 -7 -2.04 -7 1662
bel20.8.6 121]7502 -1.967697 +4 -1.967697 +4 14 -2.86 -6 9.98 -7 6.40 -7 -1.37 -6 1357
bel20.8.7 121|7502 -2.373240 +4 -2.373240 +4 18 -3.36 -7 8.82 -7 9.97 -7 -7.11 -7 1682
bel20.8.8 121|7502 -2.120476 +4 -2.120476 +4 10 -1.96 -7 9.32 -7 9.99 -7 -5.33 -7 1278
bel20.8.9 121|7502 -1.928441 +4 -1.928441 +4 12 -1.65 -7 9.82 -7 9.91 -7 -2.72 -7 1196
bel50.3.1 151[11627 -1.984919 +4 -1.984919 +4 26 -3.37 -7 8.56 -7 9.98 -7 -1.86 -6 2104
bel50.3.10 15111627 -1.923092 +4 -1.923092 +4 35 -1.38 -6 9.99 -7 6.67 -7 -3.47 -7 2573
bel50.3.2 15111627 -1.886485 +4 -1.886485 +4 25 -5.78 -7 9.96 -7 6.92 -7 -7.15 -7 2063
bel50.3.3 15111627 -1.804372 +4 -1.804372 +4 22 -4.03 -7 9.16 -7 9.95 -7 -1.09 -6 1715
bel50.3.4 15111627 -2.065267 +4 -2.065267 +4 24 -8.37 -7 8.71 -7 9.98 -7 -9.51 -7 2007
bel150.3.5 151[11627 -1.776865 +4 -1.776865 +4 22 -3.83 -6 9.99 -7 7.10 -7 -9.66 -7 1878
bel50.3.6 15111627 -1.805069 +4 -1.805069 +4 21 -3.22 -6 9.93 -7 8.33 -7 -6.60 -7 1619
bel50.3.7 15111627 -1.910131 +4 -1.910131 +4 30 -5.30 -7 9.98 -7 7.34 -7 -6.81 -7 1997
bel50.3.8 15111627 -1.969807 +4 -1.969807 +4 27 -1.97 -6 7.96 -7 9.97 -7 -1.10 -6 2294
bel50.3.9 151]11627 -1.410338 +4 -1.410338 +4 17 -1.72 -7 9.96 -7 8.79 -7 -1.55 -6 1323
bel50.8.1 151]11627 -2.914369 +4 -2.914369 +4 19 -2.79 -7 9.41 -7 9.99 -7 -5.72 -7 1477
bel50.8.10 151]11627 -3.004798 +4 -3.004798 +4 22 -1.72 -6 7.32 -7 9.97 -7 -1.37 -6 1720
bel50.8.2 151]11627 -2.882111 +4 -2.882111 +4 20 -5.65 -7 9.98 -7 9.53 -7 -1.88 -6 1431
bel50.8.3 151(11627 -3.106038 +4 -3.106038 +4 25 -5.01 -7 9.10 -7 1.00 -6 -7.56 -7 1768
bel50.8.4 151]11627 -2.872931 +4 -2.872931 +4 24 -1.61 -6 9.97 -7 6.75 -7 -1.29 -6 1691
bel50.8.5 151[11627 -2.948208 +4 -2.948208 +4 24 -1.42 -6 9.96 -7 6.73 -7 -1.12 -6 1930
bel50.8.6 151(11627 -3.143723 +4 -3.143723 +4 21 -3.01 -6 9.99 -7 5.63 -7 -4.85 -7 1649
bel50.8.7 151(11627 -3.325211 +4 -3.325211 +4 28 -1.42 -6 1.00 -6 9.59 -7 -1.61 -6 2184
bel50.8.8 151(11627 -3.160000 +4 -3.160000 +4 27 -3.38 -6 8.09 -7 9.99 -7 -1.10 -6 2137
bel50.8.9 151]11627 -2.711073 +4 -2.711073 +4 27 -2.59 -6 9.99 -7 7.04 -7 -1.55 -6 2066
be200.3.1 201|20502 -2.771610 +4 -2.771610 +4 47 -1.90 -7 9.25 -7 1.00 -6 -2.04 -6 2023
be200.3.10 201|20502 -2.576069 +4 -2.576069 +4 53 -1.22 -6 9.99 -7 7.52 -7 -7.36 -7 2287
be200.3.2 20120502 -2.676079 +4 -2.676079 +4 55 -3.80 -7 7.78 -7 9.98 -7 -1.22 -6 2304
be200.3.3 20120502 -2.947864 +4 -2.947864 +4 73 -7.33 -7 9.08 -7 9.97 -7 -1.08 -6 3167
be200.3.4 20120502 -2.910622 +4 -2.910622 +4 54 -3.47 -7 9.98 -7 9.71 -7 -1.49 -6 2316
be200.3.5 201[20502 -2.807299 +4 -2.807299 +4 70 -1.23 -6 9.71 -7 9.98 -7 -1.13 -6 2882
be200.3.6 201|20502 -2.792835 +4 -2.792835 +4 47 -2.61 -7 7.64 -7 9.99 -7 -9.35 -7 2126
be200.3.7 201|20502 -3.162051 +4 -3.162051 +4 61 -2.16 -7 8.10 -7 9.98 -7 -1.08 -6 2689
be200.3.8 20120502 -2.924430 +4 -2.924430 +4 44 -4.89 -7 9.18 -7 9.97 -7 -1.82 -6 2265
be200.3.9 20120502 -2.643705 +4 -2.643705 +4 88 -2.39 -7 9.47 -7 9.98 -7 -1.50 -6 3787
be200.8.1 201[20502 -5.086950 +4 -5.086950 +4 60 -5.15 -7 9.98 -7 8.35 -7 -1.31 -6 2620
be200.8.10 201|20502 -4.574308 +4 -4.574308 +4 46 -5.69 -7 9.57 -7 9.97 -7 -1.60 -6 2074
be200.8.2 201|20502 -4.433606 +4 -4.433606 +4 40 -1.58 -7 9.30 -7 1.00 -6 -1.34 -6 1769
be200.8.3 201|20502 -4.625398 +4 -4.625398 +4 49 -9.78 -7 9.99 -7 7.90 -7 -9.74 -7 2309
be200.8.4 20120502 -4.662126 +4 -4.662126 +4 46 -2.74 -7 9.00 -7 1.00 -6 -1.38 -6 2104
be200.8.5 201(20502 -4.427125 +4 -4.427125 +4 44 -1.00 -6 1.00 -6 9.24 -7 -8.21 -7 1965
be200.8.6 201|20502 -5.121888 +4 -5.121888 +4 56 -2.05 -6 5.30 -7 9.78 -7 -5.35 -7 2451
be200.8.7 201|20502 -4.935283 +4 -4.935283 +4 47 -4.25 -8 4.24 -7 9.97 -7 -1.24 -6 2118
be200.8.8 201|20502 -4.768917 +4 -4.768917 +4 46 -2.61 -6 9.99 -7 8.11 -7 -3.74 -7 2079
be200.8.9 201|20502 -4.549560 +4 -4.549560 +4 52 -4.31 -6 9.97 -7 7.04 -7 -9.25 -7 2310
be250.1 251(31877 -2.511947 +4 -2.511947 +4 136 -1.65 -6 9.93 -7 9.98 -7 -7.49 -7 3638
be250.10 251(31877 -2.435502 +4 -2.435502 +4 150 -1.94 -6 9.99 -7 9.58 -7 -6.56 -7 4220
be250.2 251(31877 -2.368150 +4 -2.368150 +4 117 -6.31 -7 1.00 -6 6.76 -7 -1.32 -6 3643
be250.3 251(31877 -2.400002 +4 -2.400002 +4 118 -7.38 -7 9.97 -7 8.80 -7 -2.07 -6 3297
be250.4 25131877 -2.572032 +4 -2.572032 +4 215 -9.30 -7 1.00 -6 5.24 -7 -6.93 -7 5779
be250.5 25131877 -2.237471 +4 -2.237471 +4 120 -8.94 -7 9.99 -7 6.91 -7 -1.05 -6 3560
be250.6 251(31877 -2.401885 +4 -2.401885 +4 125 -3.23 -7 8.36 -7 9.99 -7 -1.06 -6 3570
be250.7 251(31877 -2.511896 +4 -2.511896 +4 121 -2.53 -6 9.98 -7 6.87 -7 -3.44 -7 3321
be250.8 251(31877 -2.502041 +4 -2.502041 +4 127 -8.06 -7 7.06 -7 9.99 -7 -1.94 -6 3502
be250.9 251|31877 -2.139707 +4 -2.139707 +4 139 -8.25 -7 8.66 -7 9.97 -7 -2.15 -6 3947
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Table 4: 2EBD-HPE results on BIQ problems

INSTANCE nlm (c, x) (b, w) Time min x; ep 5] eq Iterations
i
bqp100-1 101[5252 -8.380387 +3 -8.380387 +3 8 -6.98 -7 9.98 -7 7.27 -7 -3.34 -7 1291
bqp100-10 101|5252 -1.298027 +4 -1.298027 +4 17 -4.99 -6 9.99 -7 6.81 -7 -5.06 -7 1977
bqp100-2 101|5252 -1.148926 +4 -1.148926 +4 19 -7.09 -7 9.90 -7 9.98 -7 -1.12 -6 2742
bqp100-3 1015252 -1.315318 +4 -1.315318 +4 26 -7.97 -7 9.30 -7 1.00 -6 -6.28 -7 3505
bqpl100-4 101|5252 -1.073189 +4 -1.073189 +4 20 -1.03 -6 9.98 -7 9.06 -7 -4.87 -7 2596
bqp100-5 101[5252 -9.487028 +3 -9.487028 +3 16 -2.38 -6 1.00 -6 5.17 -7 -4.42 -7 2248
bqp100-6 101]5252 -1.082476 +4 -1.082476 +4 7 -3.44 -7 8.40 -7 9.97 -7 +2.53 -7 1237
bqp100-7 101[5252 -1.068915 +4 -1.068915 +4 11 -1.94 -7 9.95 -7 9.82 -7 -1.23 -6 1775
bqp100-8 101|5252 -1.176999 +4 -1.176999 +4 18 -1.47 -6 8.88 -7 9.94 -7 -2.77 -7 2307
bqp100-9 101|5252 -1.173325 +4 -1.173325 +4 18 -8.36 -7 8.54 -7 9.99 -7 +2.26 -7 2156
bqp250-1 25131877 -4.766312 44 -4.766312 44 112 -9.51 -7 8.94 -7 1.00 -6 -2.08 -6 3484
bqp250-10 251|31877 -4.301453 +4 -4.301453 +4 112 -8.83 -8 7.70 -7 1.00 -6 -2.24 -6 2922
bqp250-2 25131877 -4.722238 +4 -4.722238 +4 128 -5.98 -7 9.98 -7 6.70 -7 -1.01 -6 3591
bqp250-3 25131877 -5.107680 +4 -5.107680 +4 136 -1.21 -7 9.91 -7 8.61 -7 -1.99 -6 3877
bqp250-4 25131877 -4.331257 +4 -4.331257 +4 89 -3.73 -7 8.09 -7 1.00 -6 -1.54 -6 2972
bqp250-5 251[31877 -5.000433 +4 -5.000433 +4 184 -2.58 -7 8.18 -7 1.00 -6 -1.85 -6 4962
bqp250-6 251[31877 -4.366886 +4 -4.366886 +4 139 -3.99 -7 9.98 -7 6.34 -7 -1.14 -6 3663
bqp250-7 25131877 -4.892176 +4 -4.892176 +4 119 -3.21 -7 9.98 -7 9.24 -7 -2.80 -6 3509
bqp250-8 251|31877 -3.877955 +4 -3.877955 +4 104 -9.76 -8 6.83 -7 9.98 -7 -1.02 -6 2729
bqp250-9 25131877 -5.149755 +4 -5.149755 +4 131 -2.73 -6 9.99 -7 7.98 -7 -7.48 -7 3530
bqp500-1 501]126252 -1.259642 +5 -1.259642 +5 821 -2.37 -8 7.56 -7 9.99 -7 -2.77 -6 6542
bqp500-10 501]126252 -1.385345 +5 -1.385345 +5 938 -1.89 -8 7.32 -7 9.99 -7 -3.22 -6 6967
bqp500-2 501]126252 -1.360111 +5 -1.360111 +5 919 -9.53 -8 7.05 -7 9.99 -7 -2.10 -6 7129
bqp500-3 501]126252 -1.384535 +5 -1.384535 +5 877 -1.87 -8 7.26 -7 9.99 -7 -3.12 -6 6947
bqp500-4 501126252 -1.393284 45 -1.393284 +5 946 -2.58 -8 8.01 -7 9.99 -7 -2.80 -6 6991
bqp500-5 501126252 -1.340922 +5 -1.340922 +5 848 -4.49 -7 7.06 -7 9.99 -7 -2.70 -6 6553
bqp500-6 501]126252 -1.307644 +5 -1.307644 +5 885 -6.48 -8 8.26 -7 9.98 -7 -1.74 -6 6561
bqp500-7 501]126252 -1.314915 +5 -1.314915 +5 923 -4.96 -8 6.96 -7 9.99 -7 -2.27 -6 6858
bqp500-8 501]126252 -1.334899 +5 -1.334899 +5 976 -6.95 -8 8.00 -7 1.00 -6 -1.48 -6 7357
bqp500-9 501]126252 -1.302883 +5 -1.302883 +5 872 -2.18 -7 7.14 -7 1.00 -6 -2.24 -6 6443
gkalOb 1226|8127 -1.555750 +2 -1.555750 +2 25 -5.31 -8 9.98 -7 2.65 -8 -1.30 -5 2633
gkalOd 101]5252 -2.010856 +4 -2.010856 +4 9 -4.66 -7 8.60 -7 9.97 -7 +9.90 -7 1344
gkald 101[5252 -6.528430 +3 -6.528430 +3 16 -6.31 -6 8.71 -7 9.99 -7 -3.90 -7 1982
gkale 201]20502 -1.706982 +4 -1.706982 +4 76 -7.86 -7 9.99 -7 7.53 -7 -4.94 -7 3227
gkalf 501]126252 -6.555910 +4 -6.555910 +4 911 -1.67 -7 7.16 -7 1.00 -6 -2.03 -6 6680
gka2d 101[5252 -6.990710 +3 -6.990710 +3 9 -1.31 -7 5.66 -7 9.99 -7 -3.91 -7 1421
gka2e 20120502 -2.491764 +4 -2.491764 +4 59 -5.50 -7 9.99 -7 6.81 -7 -1.09 -6 2531
gka2f 501|126252 -1.079318 +5 -1.079318 +5 1023 -1.96 -7 7.92 -7 9.99 -7 -3.02 -6 7024
gka3d 101]5252 -9.734332 +3 -9.734332 +3 19 -1.59 -6 9.87 -7 9.92 -7 -2.04 -9 2643
gka3e 201]20502 -2.689874 +4 -2.689874 +4 58 -3.32 -6 9.93 -7 8.63 -7 -6.91 -7 2466
gka3f 501]126252 -1.501511 +5 -1.501511 +5 815 -1.04 -7 6.85 -7 9.99 -7 -2.27 -6 6528
gkadd 1015252 -1.127841 +4 -1.127841 +4 12 -4.75 -7 4.54 -7 1.00 -6 -5.76 -7 1427
gkade 201]20502 -3.722515 +4 -3.722515 +4 72 -4.21 -7 6.44 -7 9.99 -7 -1.27 -6 3023
gkadf 501|126252 -1.870880 +5 -1.870880 +5 879 -9.55 -7 9.73 -7 9.98 -7 -2.27 -6 6233
gkabd 101[5252 -1.239886 +4 -1.239886 +4 12 -1.98 -6 1.00 -6 6.01 -7 +6.52 -8 1240
gkabe 201]20502 -3.800231 +4 -3.800231 +4 68 -2.23 -6 7.29 -7 9.99 -7 =777 -T 2917
gkabf 501]126252 -2.069143 +5 -2.069143 +5 879 -8.21 -8 8.04 -7 9.99 -7 -1.46 -6 6255
gka6d 101|5252 -1.492937 +4 -1.492937 +4 11 -1.84 -6 9.47 -7 9.93 -7 -4.16 -7 1468
gkaTc 1015252 -7.316449 +3 -7.316449 +3 26 -6.22 -7 9.97 -7 9.85 -7 -6.45 -7 3193
gka7d 101[5252 -1.537583 44 -1.537583 4 10 -2.95 -7 9.66 -7 8.97 -7 -7.00 -7 1212
gka8a 1015252 -1.119723 +4 -1.119723 +4 143 -2.00 -8 8.70 -7 9.94 -7 -2.45 -6 15111
gka8d 101|5252 -1.700536 +4 -1.700536 +4 16 -1.27 -6 9.98 -7 8.96 -7 -7.41 -7 2151
gka9b 1015252 -1.370000 +2 -1.370000 +2 5 -9.24 -7 7.58 -7 6.71 -8 +2.57 -7 681
gka9od 101|5252 -1.653390 +4 -1.653390 +4 8 -3.07 -8 2.68 -7 9.91 -7 +9.30 -7 1175
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problem on G can be formulated as a x-cut problem

max K%T:) L(G,W) — %Diag(We) X

st.  —EY7eX<2/(kk—1), Y (i,5),
—FieX=2/(k—1), VY (i,j)eUCE,
diag(X) =e¢, X = 0, rank(X) = &,
where £ > 1is an integer, L(G, W) := Diag(We) — W is the Laplacian matrix, E” = e;e] +e;e] with e; € R”
the vector with all zeros except in the ith position and e € R" is the vector with all ones. An SDP relaxation of

the problem above is obtained by dropping the rank restriction and the inequality constraint for the non-edges
to obtain the following formulation

max [(“ — 1) L(G, W) — %Diag(We) o X

2K
s.t. X >0, (62a)
~EYeX <2/(k—1) VY (i,j) € E\T, (62b)
~E7eX =2/(k—1) V¥ (i,j) €U CE, diag(X) =e, (62c)
where X € S".
There is more than one way of viewing as a special case of formulation . In our current im-
plementation, we considered the following two-easy-block structure formulation. Let X = W; = S™,

Wy = RIPAUL  RIVI x R, Ky = ST and Ky = RE\UI x 0y X 0,, where 0,, denotes an n dimensional
vector of all zeros. Also, endow X with the Frobenius inner product. With these definitions, we can easily see
that we can view as having the two-easy-block structure if we let (62a]) as M1, and (62b) and (62c)
as M.

In order to agree with the scaling of the data and error measures adopted by SDPAD for , we measure
the primal infeasibility measure ep as

5 > |min{0,EYeX+2/(s—D}ip+z S [EYeX+2/(s— 1)+ ||diag(X) —el;
(i,7)€EE\U (i,7)eU

n+2|E[/(k - 1)

ep(z) = , (63)
and the dual infeasibility measure ep as in with o = 1+|C||,, where ||-|| is the Frobenius norm defined
in and ||-||; is the matrix 1-norm defined as

Al =mjaXZ\Aij\, VA e R™*",
i=1

Note that the above primal infeasibility measure is not a special case of since it does not take into
consideration the violations with respect to the constraint X > 0. We observe also that, in view of the first
inclusion in Theorem a), the constraint X > 0 is always satisfied by 2EBD-HPE , while SDPAD approaches
it in the limit.

Table [5] compares the two methods on a collection of 7 SDP relaxations of FAPs using the tolerance
€ = 1075, For the purpose of this comparison, we considered 2EBD-HPE with o = 0.99 and the values of ~,
7 and k in the dynamic scaling rule set toy = 1.5, 7 = 0.75 and k = 5.

Table [6] give more detailed computational results obtained by our method 2EBD-HPE, such as the primal
and dual objective function values, number of iterations, the primal and dual infeasibility measures as described
above, and the relative duality gap. Figure [5| plots the performance profiles of both methods.

Note that 2EBD-HPE solves 5 (out of a total of 7) problems faster than SDPAD. Moreover, 2EBD-HPE
solves about 3 of them almost 2 times faster than SDPAD. Note also that 2EBD-HPE performs better than
SDPAD on large SDP relaxations of FAPs (i.e., fap25 and fap36).
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Table 5: Comparison of the methods on FAPs

Problem max{ep,ep,eqg} Iterations
Instance  ng|m 2EBD-HPE SDPAD 2EBD-HPE SDPAD
fap08 120(7260 9.29 -7 9.90 -7 924 717
fap09 174|15225 9.57 -7 9.98 -7 716 505
fapl0 18314479 9.98 -7 9.92 -7 2480 4728
fapll 252(24292 9.98 -7 9.99 -7 2419 2749
fap12 369(26462 9.99 -7 9.93 -7 2991 3609
fap25 2118|322924 1.00 -6 9.96 -7 4389 7948
fap36 4110[1154467 9.99 -7 9.92 -7 3609 6328

TE(lbl? 6: 2EB]<)b—H>PE regults on FAPs

INSTANCE n|m ime cp €p e Iterations
fap08 120[7260 +2.436300 +0 +2.436300 40 8 9.29 -7 8.62 -7 +5.77 -7 924
fap09 174]15225 +1.079770 +1 +1.079770 41 10 9.57 -7 9.35 -7 -3.73 -6 716
fap10 183[14479 +9.643400 -3 +9.643400 -3 41 9.98 -7 5.84 -7 8.08 -5 2480
fapl1l 25224292 +2.964500 -2 +2.964500 -2 66 9.98 -7 7.08 -7 2.38 -4 2419
fapl12 369(26462 +2.731000 -1 +2.731000 -1 142 9.99 -7 4.33 -7 1.79 -4 2991
fap25 2118]322924 +1.287750 +1 +1.287750 +1 9074 8.72 -7 1.00 -6 7.70 -5 4389
fap36 4110[1154467 +6.985640 41 +6.985640 +1 63291 9.99 -7 9.87 -7 1.99 -5 3609

7.3 SDPs arising from relaxation of maximum stable set problems

This subsection compares the performance of our method 2EBD-HPE with that of SDPAD on a collection of
SDPs corresponding to f-functions and 6 -functions of graph stable set problems.

The SDPs for #-functions and 6 -functions of graph stable set problems can be described as follows. Given
a graph G with n nodes and an edge set E, the SDP relaxations 0(G) and 6, (G) of the maximum stable set
problem are defined as

0(G) :=maxC e X 04+(G) :=maxCeX
st X >0, st X 0, (64a)
TeX =1, TeX =1, (64b)
X;; =0, (i,j) € E, X; =0, (i,j) € E, X >0, (64c)

where C = ee”, X € 8" and e € R" is the vector with all ones.

There is more than one way of viewing the 6(G) and 6 (G) problems as special cases of formulation (45)).
In our current implementation, we considered the following two-easy-block structure formulations. For the
case of the 0(G) (resp. 04(G)) problem, we let X = 8", Wy := 8" x R, W, =R x RIPI, ; = 8" x 0; and
Kz =01 x 0/ (resp. Ko = 01 x 0| X Ri("ﬂ)p). Also, endow X with the Frobenius inner product. With
these definitions, we can easily see that we can view the 6(G) and 6, (G) problems as having the two-easy-block
structure if we let My (resp. Ms) to be the set of X € S™ satisfying and (resp. and
). Note that is used to define both M7 and M.

In order to agree with the scaling of the data and error measures adopted by SDPAD for the 6(G) and
0+ (G) problems, we measure the primal infeasibility measure ep as

\/; ‘;EX§+%([.X—1)2
ep(z) = L2 , (65)

1+ \/%
and the dual infeasibility measure ep as in with y = 142||C|| s, where ||-|| » is the Frobenius norm defined
in (61). Note that the above primal infeasibility measure is not a special case of since it does not take

into consideration the violations with respect to the constraint X = 0 (and also X > 0 for the case of the
04 (G) problem). We observe also that, in view of the first inclusion in Theorem [5.2|(a), the constraints X = 0
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and I/ ¢ X =1 are always satisfied by 2EBD-HPE |, while SDPAD approaches them in the limit. Note also
that both methods approach the constraint X > 0 for the 6, (G) problem only in the limit.

Tables[7]and [9] compare the two methods on a collection of 59 §(G) and 6. (G) problems using the tolerance
€ =1075. For the purpose of this comparison, we considered 2EBD-HPE with ¢ = 0.9 and the values of v, 7
and k in the dynamic scaling rule set to vy = 1.5, 7 = 0.75 and k = 5. For the §(G) problems, we stopped
the dynamic scaling rule when an accuracy of € = 1075 is achieved.

Tables |8 and [10] give more detailed computational results obtained by our method 2EBD-HPE, such as the
primal and dual objective function values, number of iterations, the primal and dual infeasibility measures
as described above, and the relative duality gap. Since our implementation of 2EBD-HPE is based on €p in
order to conform with the stopping criterion of SDPAD and, as observed above for the 6, (G) problem, ep
does not take into consideration the violations with respect to the constraint X > 0, we also include in Tables
a column with the minimum value of all entries of X. Figures [7] and [§] plots the performance profiles of
both methods for solving 6(G) and 6, (G) instances, respectively.

Note that 2EBD-HPE solves 46 (out of a total of 59) 6(G) and 47 (out of a total of 59) 64 (G) problems
faster than SDPAD. Moreover, 2EBD-HPE solves about 5 6(G) and 11 6, (G) problems at least 2 times faster
than SDPAD. Note also that 2EBD-HPE fails to solve 4 (G) (1et.2048, 1tc.2048, G52 and G53) and 1 6, (G)
(1et.256) instances while SDPAD fails to solve 8 §(G) (1dc.128, 1dc.512, 1tc.1024, 1tc.2048, 2dc.1024,
2dc.2048, G52 and G53) and 2 6, (G) (G52 and G53) instances.

8 Numerical results: part II

In this section, we briefly compare 2EBD-HPE with the SDPNAL method presented in [20] and a BD method
presented in [I0], namely DSA-BD. For this comparison with use the same classes of conic optimization
problems mentioned in Section

In contrast to 2EBD-HPE, the methods DSA-BD and SDPNAL always require as input a conic optimization
problem given in standard form, i.e., as in . Hence, for the latter two codes it is necessary (except for the 6-
function SDP problems) to add additional variables to the original conic optimization problem in order to
obtain a standard form formulation. Thus, the number of variables handled by the latter two codes are usually
larger than the number of variables handled by 2EBD-HPE. As our computational results of this section show,
this has a negative effect on the performance of DSA-BD and SDPNAL compared to 2EBD-HPE.

For the 2EBD-HPE, DSA-BD and SDPNAL methods, the computational results for the SDP relaxations
of BIQs and FAPs were obtained on a server with 2 Xeon X5460 processors at 3.16GHz and 32GB RAM,
and the ones corresponding to the SDPs for #-functions and 6, -functions of graph stable set problems were
obtained on a single core of a server with 2 Xeon X5520 processors at 2.27GHz and 48GB RAM. For every
problem class, we endow X with the Frobenius inner product.

We use the same stopping criterion adopted by both DSA-BD and SDPNAL. More specifically, we measure
the primal and dual infeasibility measures ep and ep as in and (51), respectively, where the norm |||H/v
is defined as

!
||||WL = 3 2 ) )&
(1+ JIblE + ||b2F)

and the parameter p is defined as y =1+ ||C|| . For € = 107, we stop the three methods whenever

max {€p,€p i} < € (66)

For the sake of shortness, we only report the performance profiles and exclude the detailed tables as the
ones reported in Section [7] Figures [9] [10] and [11] plot the performance profiles of 2EBD-HPE, DSA-BD and
SDPNAL for the SDP relaxations of BIQ problems, the SDP relaxations of FAPs, and the SDPs for -functions
and 6, -functions of graph stable set problems, respectively. Note that based on these performance profiles,
2EBD-HPE outperforms DSA-BD and SDPNAL in every problem class.
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Table 7: Comparison of the methods on 0(G)

Problem max{ep,ep,eq} Iterations

Instance ng|m 2EBD-HPE SDPAD 2EBD-HPE SDPAD
1dc.1024 1024]24064 1.00 -6 9.99 -7 13209 9458
1dc.128 128(1472 8.56 -7 9.23 -6* 13260 20000%
1dc.2048 2048|58368 1.00 -6 9.98 -7 16540 10905
1dc.256 2563840 9.58 -7 9.43 -7 2601 3969
1dc.512 512|9728 1.00 -6 2.17 -6* 11041 20000%
let.1024 1024]9601 1.00 -6 1.00 -6 9150 7857
let.128 128(673 9.69 -7 9.71 -7 580 333
let.2048 2048|22529 3.12 -3* 1.00 -6 20000* 10968
let.256 256|1665 9.99 -7 9.70 -7 1758 2188
let.512 512|4033 9.72 -7 9.71 -7 3147 3302
1tc.1024 1024|7937 1.00 -6 2.17 -6% 12797 20000%
1tc.128 128(513 9.88 -7 9.12 -7 391 898
1tc.2048 2048]|18945 2.85 -5%* 2.08 -6* 20000%* 20000*
1tc.256 256|1313 9.99 -7 9.99 -7 5079 4329
1tc.512 512|3265 1.00 -6 1.00 -6 11860 15022
1zc.1024 1024[16641 8.71 -7 9.72 -7 1176 608
1zc.128 1281121 8.18 -7 9.96 -7 311 330
1zc.256 2562817 9.05 -7 8.13 -7 316 211
1zc.512 512|6913 9.70 -7 9.56 -7 510 349
2dc.1024 1024]169163 1.00 -6 5.58 -6* 15667 20000*
2dc.2048 2048]504452 1.00 -6 5.78 -6% 12399 20000%
2dc.512 512|54896 9.82 -7 1.00 -6 7688 8622
G43 1000]9991 9.97 -7 9.96 -7 726 1102
G44 100019991 9.91 -7 777 -7 750 1131
G45 1000[9991 1.00 -6 9.90 -7 746 1149
G46 1000[9991 9.99 -7 9.61 -7 750 1136
G471 1000[9991 9.91 -7 9.92 -7 772 1103
G51 1000|5910 9.99 -7 9.99 -7 4183 5110
G52 1000|5917 2.73 -6% 2.72 -6* 20000%* 20000%
G53 1000[5915 3.67 -6* 6.40 -6* 20000* 20000*
G54 100015917 9.99 -7 1.00 -6 2953 3843
brock200-1 200|5067 9.59 -7 9.74 -7 212 240
brock200-4 200/6812 9.76 -7 9.69 -7 196 208
brock400-1 400(|20078 9.63 -7 9.75 -7 214 254
c-fat200-1 200|18367 9.72 -7 1.00 -6 258 302
hamming-10-2 1024|23041 9.26 -7 9.10 -7 1153 630
hamming-7-5- 128]1793 8.86 -7 9.01 -7 252 515
hamming-8-3-4 256116129 9.09 -7 9.00 -7 191 188
hamming-8-4 256(11777 8.91 -7 7.58 -7 347 136
hamming-9-5-6 512|53761 8.04 -7 8.73 -7 212 1092
hamming-9-8 512[2305 8.87 -7 9.55 -7 1340 2622
keller4 171|5101 1.00 -6 9.87 -7 252 249
p-hat300-1 300(33918 9.97 -7 9.97 -7 709 705
san200-0.7-1 2005971 8.41 -7 9.52 -7 152 3752
sanr200-0.7 200[/6033 9.78 -7 9.98 -7 204 219
thetalO 500[12470 9.96 -7 9.84 -7 291 460
thetalO2 500(37467 9.44 -7 9.83 -7 215 253
thetal03 500(62516 9.91 -7 9.42 -7 216 257
thetal(04 500(87245 9.97 -7 9.72 -7 240 260
thetal2 600[17979 9.96 -7 9.79 -7 297 404
thetal23 600[90020 9.65 -7 9.71 -7 237 263
theta32 150|2286 9.94 -7 9.89 -7 278 300
thetad 200/1949 9.96 -7 9.92 -7 379 395
thetad42 200|5986 9.72 -7 9.85 -7 226 242
theta6 300(4375 9.81 -7 9.88 -7 299 440
theta62 300[13390 9.67 -7 9.90 -7 219 229
theta8 400|7905 9.65 -7 9.88 -7 292 369
theta82 400(|23872 9.60 -7 9.71 -7 210 243
theta83 400(|39862 9.79 -7 9.89 -7 216 233
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Table &: 2EBD-HPE results

INSTANCE n|lm (c, x) (b, w) Time ep €D el Iterations
1dc.1024 1024]24064 -9.598550 +1 -9.598550 +1 14841 1.00 -6 2.87 -7 -2.96 -6 13209
1dec.128 128]1472 -1.684180 41 -1.684180 41 135 6.57 -7 6.63 -7 +8.56 -7 13260
1dc.2048 204858368 -1.747310 +2 -1.747310 +2 104725 1.00 -6 2.89 -7 -4.61 -6 16540
1dc.256 2563840 -3.000000 +1 -3.000000 +1 107 6.02 -7 9.58 -7 +4.09 -7 2601
1dc.512 512|9728 -5.303100 41 -5.303100 41 1913 1.00 -6 4.37 -7 -2.86 -6 11041
let.1024 1024]9601 -1.842271 +2 -1.842271 +2 9638 1.00 -6 5.49 -7 -2.26 -6 9150
let.128 1281673 -2.923090 +1 -2.923090 +1 6 9.69 -7 8.87 -7 -2.48 -7 580
let.2048 2048|22529 -3.983327 +2 -3.456929 +2 167053 3.12 -3 2.92 -3 -7.07 -2 20000
let.256 256|1665 -5.511440 41 -5.511440 41 58 9.99 -7 6.34 -7 -1.40 -6 1758
let.512 5121|4033 -1.044244 +2 -1.044244 +2 554 9.42 -7 9.72 -7 -1.93 -6 3147
1tc.1024 1024|7937 -2.063051 +2 -2.063051 +2 13894 1.00 -6 9.50 -7 -1.87 -6 12797
1tc.128 128|513 -3.800000 +1 -3.800000 +1 4 9.88 -7 9.56 -7 +9.24 -7 391
1tc.2048 2048|18945 -3.747874 +2 -3.746651 +2 148639 2.85 -5 2.79 -5 -1.63 -4 20000
1tc.256 2561313 -6.339990 +1 -6.339990 +1 197 9.99 -7 6.77 -7 -4.40 -7 5079
1tc.512 5123265 -1.134006 +2 -1.134006 +2 2170 9.92 -7 1.00 -6 -1.87 -6 11860
1zc.1024 1024[16641 -1.286700 +2 -1.286700 +2 1233 8.35 -7 8.71 -7 -1.40 -5 1176
1zc.128 128]1121 -2.066690 +1 -2.066690 +1 3 6.78 -7 8.18 -7 -4.02 -6 311
1zc.256 256(|2817 -3.800050 +1 -3.800050 +1 9 8.39 -7 9.05 -7 -6.35 -6 316
1zc.512 512|6913 -6.875130 +1 -6.875130 +1 87 9.70 -7 9.42 -7 -1.03 -5 510
2dc.1024 1024]169163 -1.863870 +1 -1.863870 +1 17880 1.00 -6 5.56 -7 -1.91 -5 15667
2dc.2048 2048504452 -3.067430 41 -3.067430 41 88042 1.00 -6 2.30 -7 -2.22 -5 12399
2dec.512 512|54896 -1.176790 +1 -1.176790 +1 1491 6.74 -7 9.82 -7 -3.04 -6 7688
G43 1000]9991 -2.806257 +2 -2.806257 +2 817 9.97 -7 8.68 -7 -1.54 -6 726
G44 1000]9991 -2.805840 +2 -2.805840 +2 808 9.91 -7 7.87 -7 -1.11 -6 750
G45 1000]9991 -2.801858 +2 -2.801858 +2 800 1.00 -6 8.01 -7 -8.52 -7 746
G46 1000]9991 -2.798371 +2 -2.798371 +2 717 9.99 -7 7.51 -7 -2.17 -7 750
G4a7 1000]9991 -2.818943 42 -2.818943 +2 757 9.91 -7 7.07 -7 -4.46 -7 772
G51 1000|5910 -3.490001 +2 -3.490001 +2 4167 9.99 -7 4.67 -7 -1.77 -7 4183
G52 1000|5917 -3.483936 +2 -3.483877 +2 24146 2.73 -6 1.08 -6 -1.18 -5 20000
G53 1000|5915 -3.483595 +2 -3.483505 +2 19737 3.67 -6 1.91 -6 -1.29 -5 20000
G54 1000|5917 -3.410001 +2 -3.410001 +2 3430 9.99 -7 3.38 -7 -2.09 -7 2953
brock200-1 2005067 -2.745670 +1 -2.745670 +1 5 9.59 -7 8.54 -7 -6.45 -7 212
brock200-4 200(|6812 -2.129350 +1 -2.129350 +1 5 9.76 -7 9.08 -7 -7.21 -7 196
brock400-1 400]20078 -3.970200 41 -3.970200 41 24 9.20 -7 9.63 -7 -8.17 -7 214
c-fat200-1 200|18367 -1.200000 41 -1.200000 41 5 9.72 -7 7.38 -7 -2.75 -6 258
hamming-10-2 1024]23041 -1.024037 +2 -1.024037 +2 1107 8.07 -7 9.26 -7 -1.69 -5 1153
hamming-7-5-6 1281793 -4.266680 +1 -4.266680 +1 2 6.96 -7 8.86 -7 -2.42 -6 252
hamming-8-3- 256(16129 -2.559990 +1 -2.559990 +1 6 2.11 -7 9.09 -7 +4.00 -7 191
hamming-8-4 256|11777 -1.600010 +1 -1.600010 +1 12 2.76 -7 8.91 -7 -4.14 -6 347
hamming-9-5-6 512|53761 -8.533390 +1 -8.533390 +1 31 8.04 -7 7.81 -7 -3.79 -6 212
hamming-9-8 512]2305 -2.240020 +2 -2.240020 +2 192 8.87 -7 8.65 -7 -3.68 -6 1340
keller4 171|5101 -1.401230 +1 -1.401230 +1 4 1.00 -6 8.77 -7 -1.03 -6 252
p-hat300-1 300(33918 -1.006800 +1 -1.006800 +1 43 9.97 -7 2.63 -7 -1.31 -6 709
san200-0.7-1 20015971 -3.000000 +1 -3.000000 +1 4 8.41 -7 6.85 -7 -8.64 -8 152
sanr200-0.7 200]6033 -2.383620 +1 -2.383620 +1 5 9.78 -7 8.98 -7 -5.32 -7 204
thetalQ 500[12470 -8.380610 41 -8.380610 +1 52 9.96 -7 9.83 -7 -7.89 -7 291
thetal(Q2 500(37467 -3.839060 +1 -3.839060 +1 42 9.11 -7 9.44 -7 -1.03 -6 215
thetalO3 50062516 -2.252860 +1 -2.252860 +1 47 9.13 -7 9.91 -7 -1.42 -6 216
thetalO4 500(87245 -1.333620 +1 -1.333620 +1 50 8.86 -7 9.97 -7 -1.99 -6 240
thetal2 600|17979 -9.280180 +1 -9.280180 +1 86 8.97 -7 9.96 -7 -7.39 -7 297
thetal23 600[90020 -2.466870 +1 -2.466870 +1 68 9.65 -7 6.39 -7 -1.69 -6 237
theta32 150]|2286 -2.757160 41 -2.757160 41 5 9.94 -7 5.50 -7 -1.94 -7 278
thetad 2001949 -5.032130 +1 -5.032130 +1 9 9.96 -7 6.59 -7 -4.95 -7 379
thetad?2 2005986 -2.393170 +1 -2.393170 +1 6 9.72 -7 6.76 -7 -4.01 -7 226
theta6 3004375 -6.347720 41 -6.347720 +1 19 9.81 -7 9.02 -7 -4.81 -7 299
theta62 300[13390 -2.964130 +1 -2.964130 +1 13 9.67 -7 6.18 -7 -8.22 -7 219
theta8 400|7905 -7.395370 +1 -7.395370 +1 32 9.65 -7 8.52 -7 -6.46 -7 292
theta82 400|23872 -3.436700 +1 -3.436700 +1 25 9.41 -7 9.60 -7 -8.93 -7 210
theta83 400]39862 -2.030190 +1 -2.030190 +1 28 9.31 -7 9.79 -7 -1.27 -6 216
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Table 9: Comparison of the methods on 6, (G)

Problem max{ep,ep,eq} Iterations

Instance ng|m 2EBD-HPE SDPAD 2EBD-HPE SDPAD
1dc.1024 1024]24064 1.00 -6 9.99 -7 2514 2790
1dec.128 128(1472 9.99 -7 9.99 -7 870 926
1dc.2048 2048|58368 1.00 -6 9.95 -7 5444 6171
1dc.256 2563840 8.93 -7 9.74 -7 348 3798
1dc.512 512|9728 1.00 -6 9.98 -7 1767 1991
let.1024 1024]9601 9.97 -7 9.90 -7 1701 2392
let.128 128(673 9.22 -7 9.78 -7 477 392
let.2048 2048|22529 9.99 -7 1.00 -6 3322 3547
let.256 256|1665 9.53 -5* 1.00 -6 20000%* 1133
let.512 512|4033 9.99 -7 9.89 -7 1055 1401
1tc.1024 1024|7937 9.99 -7 9.96 -7 5150 5003
1tc.128 128(513 8.27 -7 9.90 -7 201 1066
1tc.2048 2048]|18945 9.99 -7 9.98 -7 4937 5283
1tc.256 256|1313 9.99 -7 9.99 -7 1881 2264
1tc.512 5123265 9.99 -7 9.94 -7 2535 3032
1zc.1024 1024[16641 9.11 -7 7.18 -7 1141 849
1zc.128 1281121 6.96 -7 9.75 -7 217 161
1zc.256 2562817 8.83 -7 8.13 -7 209 180
1zc.512 512|6913 8.84 -7 9.80 -7 550 769
2dc.1024 1024[169163 1.00 -6 1.00 -6 1974 1716
2dc.2048 2048]504452 9.94 -7 1.00 -6 1421 1802
2dc.512 512|54896 9.99 -7 1.00 -6 1809 2179
G43 100019991 9.99 -7 9.59 -7 622 1103
G44 1000]9991 9.93 -7 9.70 -7 660 1100
G45 1000[9991 9.94 -7 8.74 -7 658 1145
G46 1000[9991 9.94 -7 9.98 -7 645 1106
G471 1000[9991 9.86 -7 9.99 -7 651 1073
G51 1000|5910 9.99 -7 9.99 -7 4475 13379
G52 1000|5917 9.97 -7 3.00 -4%* 6260 20000%
G53 1000[5915 1.00 -6 1.93 -4* 14407 20000*
G54 100015917 9.93 -7 9.91 -7 2561 6645
brock200-1 200|5067 9.60 -7 9.80 -7 228 237
brock200-4 200/6812 9.56 -7 9.84 -7 210 212
brock400-1 400(|20078 9.76 -7 9.98 -7 240 258
c-fat200-1 200|18367 9.42 -7 9.98 -7 248 293
hamming-10-2 1024]23041 9.00 -7 9.39 -7 882 581
hamming-7-5- 128]1793 8.73 -7 9.45 -7 611 508
hamming-8-3-4 256116129 9.09 -7 9.00 -7 191 188
hamming-8-4 256(11777 9.49 -7 6.51 -7 193 114
hamming-9-5-6 512|53761 9.98 -7 9.27 -7 554 433
hamming-9-8 512[2305 8.37 -7 9.88 -7 1053 2569
keller4 171|5101 9.42 -7 9.41 -7 435 419
p-hat300-1 300(33918 9.98 -7 9.96 -7 566 677
san200-0.7-1 2005971 8.11 -7 9.68 -7 121 3689
sanr200-0.7 200[/6033 9.68 -7 9.57 -7 222 228
thetalO 500[12470 9.72 -7 9.80 -7 317 382
thetalO2 500[37467 9.68 -7 9.97 -7 235 263
thetal03 500(62516 9.84 -7 9.52 -7 231 262
thetal(04 500(87245 9.99 -7 9.55 -7 246 266
thetal2 600[17979 9.87 -7 9.77 -7 319 393
thetal23 600[90020 9.97 -7 9.43 -7 239 267
theta32 150|2286 9.78 -7 9.99 -7 273 276
thetad 200/1949 9.70 -7 9.78 -7 355 405
thetad42 200/5986 9.88 -7 9.72 -7 235 242
theta6 300(4375 9.93 -7 9.75 -7 322 370
theta62 300[13390 9.87 -7 9.61 -7 232 235
theta8 400|7905 9.98 -7 9.89 -7 318 358
theta82 400(|23872 9.74 -7 9.75 -7 231 250
theta83 400(|39862 9.70 -7 9.69 -7 225 256
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Table 10: 2EBD-HPE results on 0, (G)

INSTANCE nlm (c, x) (b, w) Time min x; ep 5] e] Iterations
i

1dc.1024 1024]24064 -9.555170 +1 -9.555170 +1 3299 -2.02 -8 1.00 -6 7.97 -7 -2.68 -6 2514
1dc.128 128]1472 -1.667840 +1 -1.667840 +1 10 -4.37 -8 9.72 -7 9.99 -7 -3.92 -6 870
1dc.2048 2048|58368 -1.742592 +2 -1.742592 +2 46243 -6.66 -9 1.00 -6 8.91 -7 -4.62 -6 5444
1dc.256 2563840 -3.000010 +1 -3.000010 +1 12 -1.40 -8 6.28 -7 8.93 -7 -8.25 -6 348
1dc.512 512|9728 -5.269530 +1 -5.269530 +1 305 -4.04 -8 1.00 -6 6.88 -7 -1.86 -6 1767
let.1024 1024[9601 -1.820731 +2 -1.820731 +2 2034 -4.64 -9 9.74 -7 9.97 -7 -4.48 -6 1701
let.128 128(673 -2.923090 +1 -2.923090 +1 5 -5.07 -8 9.22 -7 7.91 -7 +3.26 -7 477
let.2048 2048]|22529 -3.381690 +2 -3.381690 +2 25791 -3.42 -9 9.99 -7 8.15 -7 -5.66 -6 3322
let.256 256|1665 -5.448150 +1 -5.447670 +1 861 -1.06 -4 7.92 -5 9.53 -5 +4.42 -5 20000
let.512 512|4033 -1.035501 +2 -1.035501 +2 160 -1.04 -8 9.99 -7 9.35 -7 -3.87 -6 1055
1tc.1024 1024|7937 -2.042054 +2 -2.042054 +2 6548 -3.30 -8 9.99 -7 9.87 -7 -3.43 -6 5150
1tc.128 128(513 -3.799990 +1 -3.799990 +1 2 -1.58 -7 8.25 -7 8.27 -7 -7.85 -7 201
1tc.2048 2048]|18945 -3.704916 +2 -3.704916 +2 40227 -2.13 -8 9.20 -7 9.99 -7 -4.23 -6 4937
1tc.256 2561313 -6.324050 +1 -6.324050 +1 64 -9.33 -8 9.99 -7 7.02 -7 -1.46 -6 1881
1tc.512 512|3265 -1.125343 +2 -1.125343 +2 418 -4.98 -8 9.99 -7 7.31 -7 -2.65 -6 2535
1zc.1024 1024]16641 -1.280043 +2 -1.280043 +2 1201 -1.18 -9 7.79 -7 9.11 -7 -1.79 -5 1141
1zc.128 128]1121 -2.066660 41 -2.066660 41 2 -6.76 -9 2.49 -7 6.96 -7 +4.40 -7 217
1zc.256 2562817 -3.733370 +1 -3.733370 41 6 -1.66 -8 8.83 -7 7.85 -7 -5.92 -6 209
1zc.512 512|6913 -6.800050 +1 -6.800050 +1 82 -1.37 -8 8.84 -7 6.20 -7 -4.14 -6 550
2dc.1024 1024]169163 -1.771020 41 -1.771020 41 2630 -3.91 -9 7.72 -7 1.00 -6 -8.60 -6 1974
2dc.2048 2048]504452 -2.878750 +1 -2.878750 +1 14410 -3.96 -9 8.80 -7 9.94 -7 -1.44 -5 1421
2dc.512 512|54896 -1.138370 +1 -1.138370 +1 330 -4.55 -9 9.99 -7 8.65 -7 -1.23 -5 1809
G43 1000]9991 -2.797368 +2 -2.797368 +2 764 -3.24 -8 9.99 -7 6.77 -7 -1.35 -6 622
G44 1000]9991 -2.797466 42 -2.797466 +2 762 -4.32 -8 8.01 -7 9.93 -7 -7.53 -7 660
G45 1000[9991 -2.793182 42 -2.793182 42 719 -4.58 -8 9.94 -7 6.64 -7 -1.08 -6 658
G46 1000[9991 -2.790329 +2 -2.790329 +2 711 -1.05 -7 7.93 -7 9.94 -7 -6.34 -7 645
Ga7 1000[9991 -2.808921 +2 -2.808921 +2 669 -5.30 -8 8.34 -7 9.86 -7 -6.03 -7 651
G51 1000|5910 -3.490001 +2 -3.490001 +2 5599 -3.52 -7 9.99 -7 7.86 -7 -3.27 -7 4475
G52 1000|5917 -3.483865 +2 -3.483865 +2 7951 -2.93 -7 8.68 -7 9.97 -7 -8.46 -7 6260
G53 1000|5915 -3.482135 +2 -3.482135 +2 20045 -7.63 -8 1.00 -6 7.07 -7 -3.04 -6 14407
G54 100015917 -3.410003 +2 -3.410003 +2 3044 -1.54 -7 9.93 -7 9.43 -7 -1.13 -6 2561
brock200-1 200]5067 -2.719680 +1 -2.719680 +1 6 -4.59 -8 9.60 -7 8.12 -7 -7.39 -7 228
brock200-4 200]6812 -2.112110 +1 -2.112110 +1 5 -6.21 -8 9.56 -7 8.20 -7 -9.87 -7 210
brock400-1 400(|20078 -3.933100 +1 -3.933100 +1 26 -3.42 -8 9.76 -7 9.31 -7 -1.15 -6 240
c-fat200-1 200|18367 -1.200000 +1 -1.200000 +1 4 -3.81 -8 9.42 -7 9.02 -7 +1.60 -8 248
hamming-10-2 1024]23041 -8.533720 +1 -8.533720 41 1041 -6.68 -11 8.06 -7 9.00 -7 -2.36 -5 882
hamming-7-5- 128]1793 -3.600060 +1 -3.600060 +1 5 -3.14 -10 8.73 -7 7.52 -7 -7.91 -6 611
hamming-8-3-4 256|16129 -2.559990 +1 -2.559990 +1 5 -1.25 -9 2.11 -7 9.09 -7 +4.00 -7 191
hamming-8-4 25611777 -1.600030 +1 -1.600030 +1 5 -1.97 -9 9.49 -7 3.73 -7 -1.09 -5 193
hamming-9-5-6 512|53761 -5.866730 +1 -5.866730 +1 80 -3.92 -10 5.32 -7 9.98 -7 -6.31 -6 554
hamming-9-8 512]2305 -2.240014 +2 -2.240014 +2 137 +4.13 -9 6.22 -7 8.37 -7 -3.92 -6 1053
kellerd 171[5101 -1.346590 41 -1.346590 41 7 -3.90 -8 7.56 -7 9.42 -7 -6.18 -7 435
p-hat300-1 300(33918 -1.002020 +1 -1.002020 +1 34 -6.61 -8 9.98 -7 6.71 -7 -1.24 -6 566
san200-0.7-1 2005971 -3.000000 +1 -3.000000 +1 3 -1.25 -8 1.81 -7 8.11 -7 -1.14 -6 121
sanr200-0.7 200]|6033 -2.363330 +1 -2.363330 +1 6 -5.84 -8 9.68 -7 7.90 -7 -7.21 -7 222
thetalO 500]12470 -8.314920 +1 -8.314920 +1 56 -4.55 -8 9.72 -7 8.88 -7 -9.28 -7 317
thetalO2 500|37467 -3.806640 +1 -3.806640 +1 43 -1.44 -8 9.68 -7 9.24 -7 -1.42 -6 235
thetalO3 500162516 -2.237750 +1 -2.237750 +1 43 -8.48 -9 9.84 -7 9.80 -7 -1.87 -6 231
thetal(04 500]87245 -1.328270 41 -1.328270 41 50 -5.12 -9 9.26 -7 9.99 -7 -2.32 -6 246
thetal2 600]|17979 -9.209110 41 -9.209110 41 92 -4.67 -8 9.01 -7 9.87 -7 -9.64 -7 319
thetal23 600190020 -2.449520 +1 -2.449520 +1 78 -6.76 -9 8.85 -7 9.97 -7 -1.81 -6 239
theta32 150|2286 -2.729160 +1 -2.729160 +1 4 -1.15 -7 8.45 -7 9.78 -7 -3.43 -7 273
thetad 200[1949 -4.986910 +1 -4.986910 +1 8 -1.99 -7 8.62 -7 9.70 -7 -5.65 -7 355
thetad42 2001|5986 -2.373820 +1 -2.373820 +1 6 -1.15 -7 9.88 -7 6.86 -7 -6.18 -7 235
thetat 300/4375 -6.296190 +1 -6.296190 +1 18 -1.05 -7 9.93 -7 7.69 -7 -6.13 -7 322
theta62 300]13390 -2.937800 +1 -2.937800 +1 13 -3.26 -8 8.59 -7 9.87 -7 -9.08 -7 232
theta8 400|7905 -7.340800 +1 -7.340800 +1 36 -5.61 -8 9.98 -7 7.80 -7 -8.48 -7 318
theta82 40023872 -3.406440 +1 -3.406440 +1 25 -2.09 -8 9.74 -7 9.15 -7 -1.25 -6 231
theta83 400(|39862 -2.016720 +1 -2.016720 +1 25 -1.44 -8 9.70 -7 9.67 -7 -1.63 -6 225
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Performance Profiles (133 BIQ problems) tol=10® (time) Performance Profiles (7 FAP problems) tol=10° (time)
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Figure 9: Performance profiles of 2EBD-HPE, the BD Figure 10: Performance profiles of 2EBD-HPE, the BD
method in [I0] and SDPNAL for solving 133 SDP relaxations method in [I0] and SDPNAL for solving 7 SDP relaxations
of BIQ problems with accuracy € = 1076. of FAPs with accuracy € = 1076
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Figure 11: Performance profiles of 2EBD-HPE, the BD method
in [I0] and SDPNAL for solving 76 0(G) and 6, (G) problems with

accuracy € = 1076,
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9 Concluding remarks

Note that when applying the A-BD-HPE framework to , it is necessary to first specify the first and second
blocks, namely 0 € Fi(z,y) + A(z) and 0 € Fy(z,y) + B(x), respectively. We have seen that Algorithm 1
corresponds to applying the A-BD-HPE framework to by choosing the first and second blocks to be the
first and second inclusions in (23), respectively. Clearly, a variant of Algorithm [1] can be obtained by changing
the choice of the first and second blocks to be the second and first inclusions in (23)), respectively. The resulting
method can be easily shown to possess similar convergence properties as those of Algorithm 1. We observe
that A for this variant should be chosen as

) := min {U% 7(02 — U%)lm } .

0L’ N/
The approach in Section [4] can be easily extended to the convex problem
min f(z)+ 30 hi(z)
s.t. T € X, (67)

which is equivalent to solving the inclusion problem

m

0 € Vf(z)+0ho(x) + > ui,
i1
0€0;[—xz+0h(y;)], i=1,...,m,

where 0; > 0, ¢ = 1,...,m, are scaling factors. Even though, this inclusion system has m + 1 blocks of
inclusions, it can be viewed as having two blocks for the purpose of applying the A-BD-HPE framework to
it. Indeed, the first block would be the first inclusion and the second block would consist of the other m
inclusions. Note that once ¥ is obtained from the proximal equation associated with the first block, it can
be updated in the proximal equations corresponding to the other inclusions, and the g;  can all be computed
simultaneously. Convergence results similar to the ones obtained in Section [4| can be derived for .
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