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Abstract

Sequential algorithms of active learning based on the estimation of the level sets of the
empirical risk are discussed in the paper. Localized Rademacher complexities are used in
the algorithms to estimate the sample sizes needed to achieve the required accuracy of
learning in an adaptive way. Probabilistic bounds on the number of active examples have
been proved and several applications to binary classification problems are considered.
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1. Introduction

Let (S,.A) be a measurable space and T' C R. Consider a standard prediction problem in
which (X,Y) is a random couple in S x T with unknown distribution P. Here X is a design
point whose distribution will be denoted 1l and Y is a response variable with conditional
distribution (given X) Py x(-|X = z). The response variable Y is to be predicted based
on an observation of X. This class of problems includes many versions of regression and
classification. For instance, in the binary classification, 7' = {—1,1} and the conditional
distribution of Y given X is completely characterized by the regression function

n(x) =EY|X = x).

In the framework of passive learning, a learning algorithm inputs the training data
(X1, Y1),...(X,,Y,) that consists of n independent examples sampled from the distribution
P. The goal is to construct a data dependent prediction rule § : S — T whose risk with
respect to a properly chosen loss function is “close” to the minimal possible risk. More
precisely, given a loss function ¢ : T' x T' — R, the risk of a prediction rule g : S — T is
defined as

P(leg)=ELl(Y;9(X)),

where we used the notation (Yeg)(z,y) := ¢(y; g(x)). For instance, in the binary classification
setting, the binary loss ¢(y,u) := I(y # wu) is usually used. In this case, the risk of a
classification rule g : S+ {—1,1} is its generalization error:

P(leg) =P{Y # g(X)}.
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Suppose G is a class of prediction rules g : S — T. The quantity

Ep(leg):=P(leg)— ;Iéé P(leg)

is called the excess risk of g. One of the main goals of statistical analysis of learning
algorithms is to understand how the excess risk Ep(¢ @ §) of a data dependent decision rule
g output by such an algorithm depends on the sample size n, on the “complexity” of the
class G of prediction rules and on the underlying complexity of the prediction problem itself.

In the recent years, there has been a lot of interest in active learning algorithms. In
this framework, the algorithm can modify the design distribution in the process of learning.
More precisely, suppose that the training examples (X;,Y;) are sampled sequentially. At
each iteration (say, iteration number k), the algorithm requests a design point Xy, sam-
pled from a distribution II;, that depends on the training data (X1,Y1),..., (X, Yi). Given
X411 = x, the response variable (the label) Yy, is sampled from the conditional distribu-
tion Py|x(-|X = z). The question is whether there are such active learning algorithms for
which the excess risk after n iterations is provably smaller than for the passive prediction
rules based on the same number n of training examples. It happens that the answer depends
on the type of learning problem. A minimax analysis by Castro, Willett and Nowak (2005)
and Castro and Nowak (2008) shows that such an improvement is possible in classification
problems and in some special classes of regression problems with non-smooth regression
function (for instance, if the regression function is a step function). In such cases, the im-
provement can be very significant. In some classification problems, the excess risk of active
learning algorithms can converge to zero with an exponential rate as n — oo (comparing
with the rate O(n~!) in the case of passive learning). Castro and Nowak (2008) studied
several examples of binary classification problems in which the active learning approach is
beneficial and suggested nice active learning algorithms in these problems. However, the
drawback of these algorithms is that they are not adaptive in the sense that they require the
prior knowledge of distribution dependent parameters of the problem, such as noise char-
acteristics in classification. The development of active learning methods that are adaptive
and, at the same time, computationally tractable remains a challenge. There has been a
progress in the design of active learning algorithms that possess some degree of adaptivity,
in particular, see Dasgupta, Hsu and Monteleoni (2007), Balcan, Beygelzimer and Langford
(2009), Balcan, Hanneke and Wortman (2008) and Hanneke (2009a, 2009b). In the last
two interesting papers by Hanneke, some versions of the algorithms of Balcan, Beygelzimer
and Langford (2009) and by Dasgupta, Hsu and Monteleoni (2007) were studied using the
technique of Rademacher complexities that much earlier proved to be very useful in the
analysis of passive learning (see Bartlett, Boucheron and Lugosi (2002), Koltchinskii (2001),
Koltchinskii and Panchenko (2000), Bartlett, Bousquet and Mendelson (2005), Koltchinskii
(2006, 2008) and references therein). Hanneke showed that incorporating Rademacher com-
plexities in active learning algorithms allows one to develop rather general versions of such
algorithms that are adaptive under broad assumptions on the underlying distributions.

In the current paper, we continue this line of research. We consider the following model
of active learning. At each iteration, a learning algorithm has to choose a set Acs
of “good” design points and also the number of training examples needed at the current
iteration. Both the set A and the required number of the examples might depend on the
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training data that is already available. The algorithm has an access to an oracle that is
asked to provide the required number of examples (X,Y’) sampled from the conditional
distribution P(-|z € A). Alternatively, it can be described as follows. The oracle provides
training examples (X,Y) sampled from an unknown probability distribution P. At each
iteration, the algorithm chooses a set A of “good” design points and asks the oracle whether
the next design point X is “good”. If it is “good”, the algorithm accepts the point, the
oracle provides it with a label Y} and returns the couple (X, Yy). Testing whether the
example is “good” costs the algorithm nothing, but each “good” labeled training example
costs $ 1. Thus, only the number of “good” examples matters for determining the total
cost of learning. The question is how many “good” examples are needed for the excess risk
Ep(Leg) of the resulting classifier § to become smaller than ¢ with a guaranteed probability
at least 1 — a.

We will develop active learning algorithms that are somewhat akin to what is done in
Hanneke (2009a, 2009b), but they are more closely related to the construction of localized
Rademacher complexities used in the definitions of distribution dependent and data de-
pendent excess risk bounds in empirical risk minimization (see Koltchinskii (2006, 2008)).
The main idea of this construction is to characterize the complexity of the problem by the
sup-norm of a special Rademacher process indexed by the level sets of the risk. To be
more specific, suppose that we are dealing with a binary classification problem and that the
empirical risk (with respect to the binary loss) is being minimized over a class G of binary
functions. Then what matters is the collection of J-minimal sets

G(5) == {geg:gp(ﬁog) ga}, 5> 0.

These sets can be estimated based on the empirical data and Rademacher complexities
of such estimated sets for small enough values of § are used to define reasonably tight
bounds on the excess risk. In many learning problems, the J-minimal sets become small as
d — 0, for instance, in the sense that their Lo(II)-diameter is small. It turns out that an
important role in the development of active classification algorithms is played by the sets
of the following type

A(5) = { € S3g1, 92 € G(6) : g1 (x) # 92<x>}.

Such a set is called a disagreement set since it consists of the points for which there are two
classifiers in G(J) whose predictions at point x disagree with each other. If the 0-minimal sets
are small for small enough values of d, one can expect that the corresponding disagreement
sets are also small. This is not always the case, but there are natural examples in which
indeed the measure II(A(d)) tends to 0 as § — 0 (sometimes, even II(A(d)) = O(d)). Note
that if the empirical risk is being minimized over the é-minimal set G(¢), one can eliminate
from the sample all the design points X; such that X; ¢ A(d) : the minimizers of the
empirical risk are not going to change since the value of the binary loss at such training
examples (X;,Y;) is a constant on the d-minimal set. So, only the examples for which
X, belongs to a small disagreement set A(0) are really needed. This simple observation
opens a possibility of reducing the sample size in the process of active learning, and this
has already been exploited in several algorithms described in the literature (see Dasgupta,
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Hsu and Monteleoni (2007), Balcan, Beygelzimer and Langford (2009), Hanneke (2009a,
2009b) and references therein). It is interesting to mention that some notions similar to the
“disagreement sets” were used much earlier in the study of ratio type empirical processes
(for instance, in the work of Alexander in the 80s; see, Giné and Koltchinskii (2006) and
references therein). Moreover, it was used in Giné and Koltchinskii (2006) to obtain refined
excess risk bounds in binary classification (in the passive learning case). This will be
discussed in some detail in Section 4.

Our approach is based on iterative estimation of the d-minimal sets for a decreasing
sequence {d;} of values of 4. It happens that, for larger values of 4, it is possible to construct
a rough estimate of the d-minimal sets based on a relatively small number of training
examples. The required sample sizes 7(d) can be estimated using Rademacher complexities.
For smaller values of §, more examples are needed, but, at the same time, for the smaller
values of § the disagreement sets are also small, and these sets again can be estimated based
on the training examples that have been already sampled. Thus, there is a possibility to
come up with an active learning strategy that, at each iteration, computes an estimate A of
the disagreement set and determines the required sample size, and then samples the required
number of design points from the conditional distribution II(-|z € fl) Each of these points
X = x is provided with a label Y; sampled from the conditional distribution Py |x (-[X = z).
The algorithm stops as soon as J; becomes smaller than the required accuracy of learning
0. At this stage, it outputs an estimate of the d-minimal set G(&). The number of labeled
examples needed to achieve this goal is rougly

> A(E)I(AG;)

5;>6

(see theorems 7, 8, 9 for more precise formulations). For binary classification problems with
a VC-class G such that II(A(d)) = O(9), this leads to the bound on the number of labeled
examples of the order log(1/9) loglog(1/d).

The need to estimate the whole é-minimal set in this learning strategy rather than simply
minimizing the empirical risk might look like too strong of an assumption. However, in the
alternative general versions of adaptive strategies of active learning due to Hanneke (2009a,
2009b) this is also needed. Hanneke uses previously suggested agnostic learning methods
of Dasgupta, Hsu and Monteleoni (2007) and of Balcan, Beygelzimer and Langford (2009)
in combination with Rademacher complexities that are based on estimated level sets of the
empirical risk. So, currently, this seems to be unavoidable in general adaptive methods and
our approach is just based on a more direct use of the J-minimal sets.

To give a precise description of a version of active learning method considered in this
paper and to study its statistical properties, several facts from the general theory of empiri-
cal risk minimization will be needed. In particular, in Section 2, we describe a construction
of distribution dependent and data dependent bounds on the excess risk based on localized
Rademacher complexities (see Koltchinskii (2006, 2008)). In Section 3, we describe our ac-
tive learning algorithms. These algorithms are sequential in the sense that the training data
is being sampled until the desired accuracy of learning is achieved. We prove several bounds
on the number of active examples needed to achieve this goal with a specified probability.
In sections 2 and 3, it is convenient to study the problem in a more abstract framework, in
which we suppress the labels Y; and write S instead of S x {—1,1}, X instead of (X,Y),
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f instead of £ e g, etc. This allows us to simplify the notations and the description of the
algorithms, and, at the same time, it makes the results a little more general. In principle, it
should be possible to apply these results to more general classes of learning problems than
binary classification (for instance, to special regression models with a non-smooth regres-
sion function or to the problem of estimation of the level sets of an unknown probability
density). However, we do not pursue this possibility here and, instead, we concentrate in
Section 4 on the binary classification problems, which still remains the most interesting
class of learning problems where the active learning approach leads to faster convergence
rates.

2. Empirical Risk Minimization: Bounds on the Excess Risk

Let (S, .A) be a measurable space, let P be a probability measure in (S,.4) and let X, X3, Xo, ...
be i.i.d. random variables in (S,.A) with common distribution P. Let F be a class of A-
measurable functions f : S + [0,1]. The values of functions f € F will be interpreted as
“losses” associated with some decisions and the integral

Pf:= / fdP =Ef(X)
S
represents the expected loss, or the (true) risk. The optimization problem
Pf — min, feF (1)
is interpreted as a “risk minimization” problem and the quantity

Ep(f)=Pf— ;ngPg

is called the excess risk of f. The §-minimal set of the true risk is defined as

Fp(6) := {fef:gp(f) 55}, §>0.

In learning theory problems, the distribution P is usually unknown and the risk Pf is to
be estimated by the empirical risk. The empirical measure based on the sample (X1, ..., X,,)

of size n is defined as
n
Pn = n_l E 5X]-
j=1

and the problem of risk minimization is replaced by the “empirical risk minimization”:
P,f — min, f € F. (2)

Naturally, this also leads to the definitions of the “excess empirical risk” Ep, (f) and of the
d-minimal sets of the empirical risk Fp,(d), d > 0.
Given a solution f of the empirical risk minimization problem (2), a basic question is

to provide reasonably tight upper confidence bounds on the excess risk Ep(f) that depend
on complexity characteristics of the class F. It is also of importance to understand when
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the d-minimal sets of the empirical risk are reasonably good estimates of the d-minimal
sets of the true risk. We will need below several results of this type that can be found in
Koltchinskii (2006, 2008).

First of all, we will need an upper confidence bound on the size of the empirical process

sup (P — P)(f —g)l-
fagefp(é)

To construct such a bound, we use Talagrand’s famous concentration inequalities. Suppose
pp : La(P) x La(P) — [0, +00) and

p%(va) Zp(f_g)z_(P(f_g»Qv fvg€L2(P)'

Define the diameter of Fp(J) as

D(0) := Dp(6) :== sup pp(f,9)
[,.9€F(9)

It provides a measure of the size of the d-minimal sets. We will also use the following
quantity that characterizes the accuracy of “empirical approximation” of P by P, on the
d-minimal sets:

on(8) :=E sup |(Pn—P)(f—9)|
f.9€F(9)

Given a decreasing sequence {d;} of positive numbers with éy := 1 and a sequence {t;} of

positive numbers, define a step function U, (d), ¢ € (0, 1] as follows:

Un(6) := 22 |:¢n(5j) + D(6;) % + Z] I(5j+175j](5)'

Jj=0

A version of Talagrand’s concentration inequality with explicit constants due to Bousquet
implies that, for all 7 > 0 and for all 6 € (§;41,d;], with probability at least 1 — e

sup (P — P)(f — g)| < Un(9).
f,.9€Fp(9)

Given ¢ : Ry — Ry, define

$(5) = sup 2
o> O
and
Vi(e) = 1nf{5 >0:4°(8) < 5}
Let

5u(F; P) = sup{5 €(0,1]:6 < Un(a)}.

The following bounds were proved in Koltchinskii (2006, 2008).
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Theorem 1 For all 6 > 6,(F; P),

and

€p, (f) _ F7b e~ ti
er(f) 1' LIS

5;>6

IP’{ sup
feFEp(f)20

Thus, the quantity 0, (F; P) is a distribution dependent upper bound on the excess risk

Ep(f) that holds with a guaranteed probability. Moreover, for all § > 6, (F; P) and for

all f € F with Ep(f) > ¢ it is possible to control the size of the ratio i’z((f)) in terms of

the quantity U2 (8). This ratio bound for the excess risk immediately implies the following
statement showing that for all the values of § above certain threshold the §-minimal sets of
empirical risk provide estimates of the J-minimal sets of the true risk.

Proposition 2 Let 6, := 7&(%) For all § > 6, with probability at least

1- Z et

5,>6

the following inclusions hold:
Vo >§6 Fp(o) C Fp,(3/20) and Fp, (o) C Fp(20).

Data dependent upper confidence bounds on the excess risk can be constructed using
localized sup-norms of Rademacher processes that provide a way to estimate the size of the
empirical process. Given i.i.d. Rademacher random variables {¢;} independent of {X;}, the
Rademacher process is defined as

Ro(f):=n""> & f(X)).
j=1

We will assume that
pp(f.9) == P(f —g)*.

Define .
¢n(5) = sup ‘Rn(f - g)‘
1,9€Fp,, (6)
and R
Dy(6) == sup pp,(f,9)
1,9€Fp, (6)

These quantities are empirical versions of ¢, (0) and Dp(d) and they can be used to define
an empirical version of the function U, :

A . . A (P
Un(0) := K Z [(bn(asj) + Dy (é65) E] + ]} I(6j+1,5j](5)’

£ n
j=0
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where K, ¢ are numerical constants. We will also define

0u(0) = RS [%(aaj) + D(aaj)\/g + ﬂ Tis,,11(6)

J=0

with some numerical constants K, ¢.

It can be shown (see Koltchinskii (2006, 2008)) that for large enough numerical constants
K,K,é ¢and for all § > 6, U, (6) < Un(8) < Uy (8) with a high probability. More precisely,
the following statement holds. Denote

S A S |
_ (L _ (L
B : n<2),5n. Un<2>.

Theorem 3 There exists a choice of numerical constants K,I:(, ¢, ¢ in the definitions of
the functions U,,U, such that the following holds. For all § > 0,, there exists an event E
of probability

P(E)>1-3) e

5;>6

such that on this event

>

Un(0) <Uy(0) < ﬁn(a), o >9.

~—

As a consequence,

P{Sngéngén} >1-3 Z e i,

The proof is based on the following “statistical version” of Talagrand’s concentration
inequality (which, in turn, follows from the usual Talagrand’s concentration inequality for
empirical processes and standard symmetrization and contraction arguments, see Koltchin-
skii (2008)). Suppose that F is a class of measurable functions on S uniformly bounded by
U > 0. Denote

0% (F) := sup Pf? and 02(F) := sup P, f>.
feFr feF

For a function Y : F — R, denote

1Y[| 7 := sup [Y(f)].
fer

Theorem 4 There exists a numerical constant K > 0 such that for allt > 1 with probability
at least 1 — et the following bounds hold:

t tU
1Bl 7 = EHRan' <K {\/n <ag(f) + U||Ran> + n} :
t tU

8
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tU
U(F) < K(ozm U Rl + )

n

and
o2 (F) < K(o%m U Rl + f)
Also,
1P, - Pllr < K[ IRallx + ru(F L+ Y]
and

t tU
1P, - Pl ~EIP, - Pls| < K[\/ (e +vimale) + 2.

In what follows, it will be of interest to consider sequential learning algorithms in which
the sample size is being gradually increased until the excess risk becomes smaller than a
given level §. The following quantities are used in the analysis of such algorithms. Let us
fix a set M C N. A possible choice is M = N, but, usually, we will take M = {2F : k& > 0}.
Denote

n(8) == inf{n €EM:6, < 5} = inf{n eM:U(8) < ;}
|
b

IN
N | =

() = inf{n e M : b, 5} = inf{n eM:U0) <

and
n(d) := inf{n eM:é, < 5} = inf{n eM:U(6) <

N | —

If
E||P, — P|lx — 0 as n — oo,

which is true for so called Glivenko-Cantelli classes of functions with respect to P (see, e.g.,
van der Vaart and Wellner (1996)), then it is easy to see that

gn—>0and5n—>0asn—>oo.

In this case, we have
n(0) < 4+o00,n(d) < 400,06 € (0,1].

It is also easy to see that the functions n — U,(8) and n — U,(8) are noincreasing (it
follows from the well known reverse supermartingale properties of empirical processes; see,
van der Vaart and Wellner (1996), Lemma 2.4.5). This implies that, for all n > 7a(8), 6, < &
and, for all n > 7(6), 0, < 4. Since U,(8) < Upn(6), & € (0,1], it is also clear that

7a(8) < a(8), ¢ € (0,1].

The next proposition immediately follows from the definition of 7(9) (it is, in fact, just
a reformulation of the statements of Proposition 2 and Theorem 3):
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Proposition 5 (i) For all n > n(9),
P{ep(fa) >0} < D e
6;>6
(ii) For all n > n(6), with probability at least

1-— Z el

5,>6

the following inclusions hold:
Vo >§6 Fp(o) C Fp,(3/20) and Fp, (o) C Fp(20).

(iii) For all n > n(9), there exists an event E of probability
P(E)>1-3) e
§;>6
such that on this event

Un(0) < Unlo) <Up(o), 0 > 4.

We will also need a version of the statements of Proposition 5 that are uniform in n € M.

To this end, assume that the numbers ¢; in the definitions of the functions Un, Un, U, depend
)
also on n. We will denote these numbers tg-n). Assume that, for all j, - is a nonincreasing

function of n. Then the next statement immediately follows from Theorem 3 and the union
bound.

Proposition 6 There exists an event H of probability
(n)
B =1 Y Y
neM j>0
such that on this event, for allm € M,
EP(fn) < gna
Y6 > 6, Fp(§) C Fp,(3/26) and Fp, (0) C Fp(20).
Moreover, there exists an event E of probability
(n)
P(E)>1-3) > e
neM j>0

such that on this event, for alln € M,

and R 3
bn < 0p < b

As a consequence, we also have that for all § € (0, 1]

A(8) < A(8) < A(s).

10
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The simplest choice of the numbers t;n), in the case when M = {2F : k > 0} and
§;=277,5>0,is

tg»n) = 2log(logon+1) +2log(j + 1) + logé +1log(12), j =20, n € M,
where o € (0,1). With this choice, all the claims of Proposition 6 hold with a guaranteed
probability at least 1 — a.

The main conclusion one can draw from Proposition 6 is that the sample size needed to
achieve the desired “accuracy of learning” § (i.e., to “learn” a function for which the excess
risk is smaller than §) can itself be learned from the data. More precisely, the estimator
n(0) of the required sample size can be computed sequentially by increasing the sample size
n gradually, computing for each n the data dependent excess risk bound 5n and stopping
as soon as o, < 6. With a high probability, the stopping time 7(d) provides a “correct”
estimate of the sample size (up to a numerical constant) in the sense that it is between two
distribution dependent estimates (7(d) and 7.(d)) that are typically of the same order of
magnitude (up to numerical constants). At the same time, the sample size n(9) is sufficient
for estimating the o-minimal sets of the true risk by the o-minimal sets of the empirical
risk for all & > ¢ (in the sense of the inclusions of Proposition 6). These facts will play a
crucial role in our design of active learning methods in the next section.

3. Sequential Active Learning

We first describe a simplified (non-adaptive) version of active learning in which it is assumed
that the minimal sample size () needed to achieve the desired “accuracy of learning” of
the order 0 is given. As before, suppose that {J}r>0 is a nonincreasing sequence of positive
numbers with g = 1. Denote 7y := 7 (o), k > 1.

Algorithm 1

Fo = F;

for k=1,2,...,
Ay = {m : S_qu,gef‘k,l |f(z) —g(x)| > 5k};
ij = % 2ot 4, (X5)0x5
Fi = Fr-1 N Fp, (301);

end

The set Ay defined at each iteration of the algorithm is viewed as a set of “active
examples” (or “active set”). The examples X; € A, are needed to compute the “active
empirical measure” P,. The underlying assumption is that there exists a “base algorithm”
that computes the §-minimal set

Fols) = {f  Eo(f) = Of —inf;erQf < 5}

for an arbitrary discrete measure ) with a finite number of atoms. This algorithm is used
to compute the set F ﬁk(35k). In principle, it would be enough only to ensure that, given

11
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0 > 0 and measure @, the “base algorithm” outputs a set .?EQ((S) such that
Fo(ard) C }_“Q(d) C Fole20)

for some numerical constants 0 < ¢; < co. However, to simplify the notations, we will
assume that ¢; = co = 1.

Of course, in reality, Algorithm 1 stops after a finite number of iterations. A possible
choice could be

L:=)Y 1(5;>9),
Jj>0
which can be viewed as the number of iterations needed to achieve the “desired accuracy”
of learning ¢ € (0,1). In other words, the algorithm stops when ¢; becomes smaller than 4.

For instance, if §; = 277, j > 0, then the number of iterations L is of the order logy(1/4).
Let v(d) denote the total number of active examples utilized by the algorithm in the first

L iterations. Then B
i,
SCED9h S
5p>8 j=1

Denote

and

7(8) == P(A(6)).

The following statement will be easily proved by induction.

Theorem 7 With probability at least

Yyt

neM j>0
the following inclusions hold for the classes Fi output by Algorithm 1: for all k >0
Fp(k) C Fi C Fp(85k). (3)

Also, for allt > 1 and all § € (0, 1], with probability at least

1— 3" S exp{—t"} = N exp{—a(8;)m(6;-1)t log t}

neM j>0 5;>6

the following bound holds:
v(8) <ety n(d;)m(d; 1)
§5;>8

Proof The inclusions (3) obviously hold for k£ = 0. Assuming that, for all j < k,

Fp(8;) C Fj C Fp(85)),

12
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we will prove that the same inclusions hold also for k. Let H be the event of probability at

least
Yy

neM j>0

defined in Proposition 6. By the induction assumption,
Fp(6k) C Fp(dr-1) C Fra

and, by the definition of Ak, we have for all f,g € .7:"k_1,

1Poi(f—9) = Bu(f —9)l = |0, D (f— o) (X)) =zt D (f—9)(X)
=1 i:X; €A

gt > (f—9)(X))

< k.

We can conclude that, for all f € Fp(dx),

‘&%k(f) - 5pk(f)‘ < Op,.

Also, by the inclusions of Proposition 6 and the definition of 7y = n(dx), we have on the
event H that

J-'p(dk) C fpﬁk (25k)-
Hence, for all f € Fp(d),

Ep,, (f) <20 and Ep (f) < 305
This implies the inclusion
Fp(6x) C Frr [ ) Fp, (30%) = Fi-
On the other hand, since Fj, C Fy_1, we have, for all f € ﬁk,
‘5Pﬁk(f) - gpk(f)‘ < 0.

Since for all f € F, Spk (f) < 30k, we also have Epﬁk(f) < 46y,. Thus, using again the
inclusions of Proposition 6, we get

ﬁk C }—Pﬁk (45k) C fp(85k),

proving the inclusions (3)
To prove the bound on v(§), note that on the event H, where the inclusions (3) hold for
all k£ such that §; > 9, we have
Ak C A(85k_1)

13
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Hence, on the event H,

v(d) < Z Vk,

6,>0

where

n

v o= Tagss_) (X))

j=1
Clearly, vy is a binomial random variable with parameters n; and m(d;_1). Therefore, we
have - (s s

[[D{,jk > 3} < <enk7r<kl)>
S
(see, e.g., Dudley (1999), p. 16). Taking s := etngm(d5—1) yields
IP’{Vk > etﬁkw(6k_1)} < exp{—ngm(d_1)t logt}.

Applying the union bound, we get

P{o(0) 2 et 3 mun(sicn) b < B + 3 exp(-mun(dioge).

0 >0 0 >0

P(H®) < Z Ze_t;”)’

neM j>0

the result follows. [ |

Since

The simplest way to make the method data dependent is to replace in Algorithm 1
the sample sizes ny = n(0x) by their estimates 7y, := n(dx), k > 1 and to redefine Py in the
iterative procedure for Ay, P, and F} as follows:

1 &
P, = = Z I (X;)6x;.
j=1

This modification of Algorithm 1 will be called Algorithm 2. The following statement
can be proved quite similarly to Theorem 7 (using Proposition 6).

Recall the definition of the number of iterations L and also that v(d) denotes the number
of active examples utilized by the algorithm in the first L iterations.

Theorem 8 With probability at least

133 e,

>0 neM
the following inclusions hold for the classes Fi output by Algorithm 2: for all k > 0,

fp(5k) C ﬁk C fp(&;k).

14
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Moreover, for all t > 1 and for all § € (0, 1], with probability at least

1-3 Z Z exp{—tg-n)} - Z exp{—n(d;)m(d;—1)tlogt}

j>0neM 6;>6

the following bound holds:

Note that in this version of the algorithm all the training examples X; (not only the
examples in the active sets Ak) are used to determine the sample sizes 7. So, from this
point of view, Algorithm 2 can not be viewed as really “active”. However, it is easy to see
that in a more concrete framework of prediction problems (such as, for instance, the binary
classification) one can modify the definitions of the localized Rademacher complexities and of
the sample sizes Ny in such a way that they depend only on the design points, but not on the
response variables (labels). Thus, in the cases when sampling the design points is “cheap”
and only assigning the labels to them is “expensive” (which is a common motivational
assumption in the literature on active learning), the algorithms of this type make some
sense (see Section 4 for more details).

It is more interesting, however, that even in the abstract framework of empirical risk
minimization it is possible to change the definition of Rademacher complexities and the
estimates of the sample sizes based on them so that only the active examples that belong
to the sets Ay are being used in the computation. We will describe such a data driven
algorithm of active learning below.

Let 0; := 279, j > 0. As before, we will define iteratively data dependent function
classes ]:'k beginning with f"o := F that provide estimates of the d-minimal sets Fp(d) for
sufficiently small values of § and we set

Ay = {x : osup | f(z) —g(x)] > cdk} with some constant ¢ > 0.

F.9€Fk_1
Define
PT(L]C) = nil ZIAI@(X])(;X]
j=1
and
RIP(f) ="t e f(X))14, (X)),
j=1

Denote

BP(f = 9)| + Dpgo (Fio)\| 2= +

n

e :K[ sup
F.9€F_1

and define iteratively a nondecreasing data dependent sequence 7 :
. . . Sy o L
ng = mm{n eM,n>ng_:U;" < §5k+1}

15
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with the initial condition ng := inf M.
Note that the following iterative relationships hold for the distribution dependent sample
sizes Ny := 1(0g+1) and Ny := N(dp11) :

_ 1
ny = min{n € M,n>ng_q1:Up,(d) < §5k+1}, fg := inf M

and
. 1
m:mm&MJLnZMA:%ngiﬁﬂ} 7o = inf M.

(which easily follows from the definitions of n(d),n(d))
We will write, for brevity, B, = PT(L’Z) With these definitions and notations, we can

define F, iteratively exactly as before:
]i—k; = .7:-19_1 ﬂ fpk (30k).

In short, the algorithm can be described as follows:

Algorithm 3
Fo :=F;

for k=1,2,...,
= {aisup, s (@) - g(@)] > ey ):

ng 1= min{n eEM,n>np_q: Uk’“) < %5k+1};
Fi = Fr1 N Fp, (308);
end
As before, we define
A(9) = {:1: :osup |f(x) —g(x)] > 06}
f.9€F(89)
and
m(9) := P(A(9)).
The properties of Algorithm 3 are summarized in the following theorem.
Theorem 9 There exist numerical constants ¢ in the definition of the active sets Ap, K in
the definition of U,(Lk) and K, ¢ in the definition of the function U, such that the following
holds. With probability at least
(n)
1-3) ") el
>0 neM
the following inequalities and inclusions hold for all k > 0 :
ng < ny < N,

fp(5k) C ﬁk C fp(&;k).

16
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Moreover, for all t > 1, with probability at least
1-33" S exp{ ) = S exp{—u(dj11)m(8;-1)t log t}
j>0neM 5;>6

the following bound holds:
v(0) < ety A(dj41)m(dj-1)-

5;>6
Proof There exists an event E of probability at least
(n)
Y Yt
neM j>0

on which the following holds. For all k and for all n € M

(n) (n)
N t t 1~
R s o)+ Do S ] < o6 @
f-9€Fp(80k—1) n n
and
N t(n) t(n) B
P e L I I
f.9€Fp(Ok—1) n n

with properly chosen constants in the definitions of the functions Uy, U,, and constant K.
At the same time, on the same event F, for all n € M,n > n(d) and all o > ¢,

fP(U) C fpn(QO') and fpn(a') C fp(QO'). (6)

To construct such an event, first consider the event H of Proposition 6 on which the inclu-
sions (6) hold. Then define

(n)
. t 1~
Ejp = {K{ sup R, (f — g)‘ + Dp, (Fp(86,_1))\ £~ + k] < Un(5k)}
1,9€FpP(80k—1) n n 2
and
. t(n) t(n) ~
B = {&[ s |Rals = )]+ D Eroe)y) i+ ] 2 2060 .
f,9€Fp(0k—1) n n

Using the “statistical version” of Talagrand’s concentration inequality (Theorem 4) one can
show that with a proper choice of K and the constants in the definitions of the functions
Un7 U’VL?

(n) (n)
P(Epi) <l—e %, P(E,;)>1—¢"

for all £ > 0 and for all n € M. Define

17
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Then

PE)>1-3> " ety

neM >0

and all the desired properties hold on the event FE.
We will now show by induction that, on the event E for £k =0,1,...

IN
3

ng < My, k>

fp((sk) C F C fp(&sk)
and also for k=1,2,... and for alln € M
= Ok+1 _ py(k) — L[7 Ok+1
_ Ao < Rty
20 (00) — 2 < O < 2 [Ou(8p) + 2] (7)

By the definitions, the claims are obviously true for £ = 0. Assume that they have been
proved up to k — 1. By this induction assumption, we have F;_1 C Fp(80;_1) and, by the
definition of the set Ay,

sup [RO(f—g)| < sup [Ra(f — g)| + i
f7g€fk:71 f?gej:kfl

and
D% (Fi-1) < Dp, (Fi—1) + €63,

This implies the following upper bound on U,(lk) :

(n) () (n)
N . t
U < K{ sup  |Rn(f — g)’ + Dp, (Fp(88k—1))\| = + £ + by, + e k]
f,.9€Fp(80k—_1) n n n

Applying to the last term the inequality ab < (a? + b?)/2 and taking into account the fact
that §; < 1, it is easy to deduce from this that with ¢ satisfying the condition

Ke+ K*?/2 <1/8,
we have

(n) ()
N . t t
Uk < K[ sup | Rn(f — g)‘ + Dp, (Fp(83%_1)) ’“7 - ’;] + Opp1/4

f,9€Fp(80k—1)

Quite similarly, using the inclusion Fp(dx_1) C Fi—1 that also holds under the induction
assumption, one can show that with a proper choice of constant ¢ in the definition of the
set Ay

(n) (n)
t t
Rn(f — 9)’ + DPn(]:P((sk—l))\/z-i- ’;l] — Opy1/2.

Combining this with bounds (4) and (5) immediately implies (7).

Uék) > K[ sup
f.9€Fp(k-1)

18
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Applying (7) to n = ny, we get

which yields

We also have 7y, > np_1 > ng—1 (by the induction assumption). By the definition of 7y,
this implies that n, > ny.

On the other hand, denote 7, the element of the ordered set M preceding 7. We will
use inequality (7) with n =n, . It gives

0, 50) + 2] ®

If it happened that 7, < 7x_1, then we must have nj = 7x_1, which, by the induction
assumption, implies that fy = fig_1 < N1 < ng. If 2. > N1, then the definition of 7y,
implies that

(k) _ Okt
U k41
Ay 2
which together with (8) implies that
- Op+1

But, if 7y, > ng, then 7y, > ny, which would imply that

~ )
Uﬁk (514:) > %

(since for all &, U, (d) is a nonincreasing function of n). The last inequality contradicts the
definition of ny implying that ng < ng.
The proof of the inclusions

fp((Sk) C ﬁk C fp(85k)

and the derivation of the bound on v(9) repeat the argument of Theorem 7. |

Remark. Note that in the bounds on v(d) of theorems 7, 8 and 9 one can replace
functions 7(9), n(0) and n(d) by arbitrary upper bounds (with the same change in the
bounds on the probability).

As soon as m(6) — 0 as § — 0, the upper bounds on v(d) show that, in the case of
active learning, there is a reduction of the number of training examples needed to achieve
a desired accuracy of learning comparing with passive learning. In the next section, we
explore in some detail what is happening in the case of binary classification.
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4. Active Learning in Binary Classification

Let (X,Y) be a random couple with values in S x {—1,1} and with distribution P, where
(S,.A) is an arbitrary measurable space. In binary classification problems, the first compo-
nent X is viewed as an observable instance and the second component Y is an unobservable
“label”. The value of Y is to be predicted based on an observation of X and on the training
data (X1,Y1),...,(Xy,Y,) consisting of n independent copies of (X,Y’). Measurable func-
tions g : S+ {—1,1} are called (binary) classifiers. Let ¢: {—1,1} x {—1,1} — {0,1} be
the binary loss function ¢(y,u) := I(y # u), and, as before, (£ e g)(z,y) := £(y, g(z)) be the
“loss” of classifier g for the example (x,y) € S x {—1,1}. The quantity

P(leg)=P{(x,y):y#gx)} =P{Y # g(X)}

is called the generalization error, or the risk of g. We still denote n(x) := E(Y'|X = z) the
regression function. It is well known that the minimum of the generalization error over the
set of all binary classifiers is attained at the Bayes classifier

g«(x) = sign(n(x)).

We will assume in what follows that G is a class of binary classifiers such that g, € G.
For a binary classifier g, define its excess risk as

Ep(leg):=P(leg)— P(leg,).

The following formula is well known (see, e.g., Devroye, Gyorfi and Lugosi (1996), Theorem
2.2).

Ep(leg) = /{ LGLIE! (9)

where II is the marginal distribution of X.
A standard approach to learning the Bayes classifier is based on the empirical risk
minimization:

g = argmingg P, (¢ @ g) = argmin g P {(z,y) : y # g(v)} =

n
argmingegn ' Y 1(Y; # 9(X;)),
j=1
where P, denotes the empirical distribution based on the training data (X1,Y1),..., (X, Y,)
(we will also use the notation II,, for the empirical distribution based on (X1,...,X})).

If F:=(eG:={leg:gec G} denotes the loss class, then we are in the framework
of abstract empirical risk minimization of sections 2,3 and general results of these sections
can be now specialized for the classification context.

It is natural to characterize the quality of the classifier § in terms of its excess risk
Ep(L e g) and to study how it depends on the complexity of the class G as well as on the
complexity of the classification problem itself. The simplest complexity assumption on the
class G is that it is a VC-class of binary functions of VC-dimension V' (in other words,

C = {{x tg(z) =+4+1:9 € g}} is a VC-class of sets of VC-dimension V). Under this
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assumption, a well known result, essentially due to Vapnik and Chervonenkis, is that, for
some constant K > 0 and for all + > 0, with probability at least 1 —e™*

Ep(leg) SK[\/Z+\/Z]

In principle, this bound is minimax optimal, but it can be significantly improved for special
families of distributions P under further assumptions on the complexity of the classification
problem. For instance, the following Massart’s low noise assumption is frequently used:
for some constant h € (0, 1]

In(z)| > h, z€S.

The parameter h is a characteristic of the level of noise in binary labels Y;. In other words, it
is a simple measure of complexity of a binary classification problem. The following theorem
is a version of the result proved by Massart and Nedelec (2006):

Theorem 10 There exists a constant K > 0 such that, for all t > 0, with probability at

least 1 — et
. 1% nh? t 1% \/?
<K|— — )+ — — —1.
Ep(ﬁog)_K[nhlog(V)—i—nh}/\[\/n—f— n]

This upper bound on the excess risk is optimal in a minimax sense (as it was also shown
by Massart and Nedelec (2006)). However, it still can be refined using the following function
7 (which is a local version of Alexander’s capacity function introduced in the 80s and
used in the theory of ratio type empirical processes, see Giné and Koltchinskii (2006) and
references therein). Define

Gs:={9€G :T{x:g(x) # ge(2)} <}
and let
1ol € Gs o) # 9.(0)
(0) := 5 .

Clearly, the set G5 consists of the classifiers from G that are in a neighborhood of size ¢ of
the Bayes classifier g, and the set

T

Dy = {sl3g € Gs9(0) # 0.0}

consists of all the points x such that there exists a classifier g in the neighborhood Gs that
“disagrees” with the Bayes classifier at z. The function 7(§) is always upper bounded by
%. However, if it happens that the measure II of the “disagreement set” Ds is small when
d is small, then 7(J) might grow slower than % as 0 — 0, or even it can be bounded by a
constant. If C := {{g =+1}:¢9 € G} and C; := {g. = +1}, then

II <UC€C,H(CAC*)<6(CAC*)>
(5) = 5 )

T
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so, roughly, 7(J) shows how many disjoint sets CAC, of “size” § can be “packed” in the
union of all such sets. For instance, if C is a class of convex sets in [0, 1]d, IT is the Lebesgue
measure in [0, 1]¢ and C, € C,TI(C,) > 0, then it can be shown that 7 is uniformly bounded
by a constant (see Giné and Koltchinskii (2006)). A more detailed analysis of disagreement
sets, capacity functions and their connections to the geometry of the class G can be found
in Friedman (2009).

The following result was proved in Giné and Koltchinskii (2006).

Theorem 11 There exists a constant K > 0 such that, for all t > 0, with probability at

least 1 — et
\%4 Vv t v t
o) < v v - v i
gp(e.g)_K{nhIOgT(nW)—’_nh]/\[ n +\/;]

Clearly, this result implies the theorem of Massart and Nedelec (since 7(6) < 3). The
proof is based on applying subtle bounds for empirical processes discussed in Giné and
Koltchinskii (2006) to compute the excess risk bound &, of Section 2. Then, the general
result of Theorem 1 (see also Proposition 2) can be used to bound the excess risk.

The case when 7(0) is uniformly bounded from above by a constant 7y is of special

interest. In this case, with probability at least 1 — e,

Vv t
Ep(leg) < K|—1 —
p(leg) < [nh 0g 7o + nh}
so the main term of the bound is of the order O(n—Vh) and it does not contain logarithmic
factors depending on n and h. It will be convenient for our purposes to phrase this result
in a slightly different form. Namely, given ¢ € (0,1) and «a € (0,1), denote

(s, a) == inf{n P{Ep(gn) > 6} < a}.
Then

n(s, o) §K<[;;Llog70+loggl/a)} /\[;Jrlogg/a)b.

The quantity n(d, «) shows how many training examples are needed to make the excess
risk of the classifier § smaller than 0 with a guaranteed probability of at least 1 — a.
It characterizes the sample complexity of passive learning. In the case of empirical risk
minimization over a VC-class with a bounded capacity function 7, the sample complexity
is of the order O(¥3).

The role of the capacity function is rather modest in the case of passive learning since it
only allows one to refine the excess risk and the sample complexity bounds by making the
logarithmic factors more precise. However, the capacity function 7 happened to be of crucial
importance in the analysis of active learning methods of binary classification. This function
was rediscovered in active learning literature and its supremum is being used there under
the name of disagreement coefficient (see, e.g., Hanneke (2009a, 2009b) and references
therein).
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We will describe an active learning algorithm that is a specialized version of more ab-
stract Algorithm 3 of Section 3. As before, we denote d; := 277, j > 0 and choose a set
M C N of natural numbers as well as nonnegative real numbers t,g"), néeM,k>0.

Given a class G of binary classifiers, denote

Gp(6) == {g L Ep(leg) < 5}, 5> 0.

These sets will be called §-minimal sets of the true risk. Clearly, if 7 = £ ¢ G, then under
the notations of Section 2

Fp(8) = {Eog g€ QP(5)}~

In principle, one can directly use Algorithm 3 for the class F. However, we will modify it
slightly in order to adapt it to the binary classification framework.

We will define iteratively data dependent function classes Gr that provide estimates of
the d-minimal sets Gp(9). and also a nondecreasing data dependent sequence of estimated
sample sizes ng. It will be assumed that we have an access to an algorithm that, given a
discrete measure Q on S x {—1,1} and 0 > 0, computes the d-minimal set Go(J) of Q.

Several definitions and notations will be needed. Note that for the binary loss ¢, for all
binary classifiers g1, g2 and for all 6 € (0,1), the condition [¢(y, g1(z)) — (y, g2(x))| > § is
equivalent to the condition g;(z) # g2(x). This leads to the following definition of sets Ay,
(that are subsets of S, not of § x {—1,1}). Assuming that G_; has been already defined,
let

Ay = {fb‘ 2 391,92 € Gr1, 91 () # 92(33)}

be the set of all the points where at least two classifiers in QAk,l disagree with each other.
This set will be used as a set of active design points at the k-th iteration.

Next define active empirical distributions based on the unlabeled examples {X;} and
on the labeled examples {(X;,Y;)} :

n

ﬂgf) = n_l Z]Ak(Xj)(SXj
j=1

and

n
PT(Lk) =n"! Z IAk (Xj)(S(X].’yj)
j=1
For simplicity, we will also use the notation P := 157512) Let

. 1 . 1/2
DW= sup (H,(f) (g1 — 92)2)
91,92€9%—1

be the Lo (f[glk))-diameter of the class Gj_1. Note that, if we literally followed the definitions
of Section 3, we would have to define the diameter as

R 1/2
sup (B (Cogi— Lo g)?)
91,92€Gk_1
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However, it is easy to check that for all (z,y) € S x {—1,1} and all binary classifiers g1, go

(Lo 90)(.0) — (Lo 2)(w9) = 5u(0a(e) — 1(2),

which justifies the new definition. This simple identity also implies that the function ¢, (),
defined in Section 2 and used in the construction of the excess risk bounds, can be upper
bounded as follows:

On(6) <2E  sup |R,(fi — f2)|=2E sup |R,(feg—Llegy)|l =

J1,f2€F(6) 91,92€6(9)
n
E sup |n7' ) &Yj(g2(X5) — g1 (X)),
91,92€9(9) j=1

where at the beginning we used the symmetrization inequality (see. e.g. van der Vaart and
Wellner (1996)). Note that, conditionally on (X1,Y7),...,(Xy,Yy), the distribution of the

random vector (¢1Y7,...,,Y,) is the same as the distribution of (eq,...,e,). Because of
this,
n
-1 _
60 <E s i Y < Vi(x) - ()| =
91,92€G(0) j=1
n
EE( sup |nt Y Vi(ga(X;) — gl(XmH(Xl,Yl), . (Xn,m) =
91,92€G(9) j=1
n
EE( sup  (n7' ) ei(ga(X;) — gl(Xj))H(Xl,Yl), . (Xn,Yn)> =
91,92€G(9) j=1

E sup [Rn(g1—g2)l-
91,92€G(9)

This simple observation allows one to replace the Rademacher complexities for the loss class
F = (e G by the Rademacher complexities for the class G itself (and the proofs of the excess
risk bounds and other results cited in Section 2 go through with no changes). Of course,
the same applies to all the constructions and the results of Section 3.

Because of this, we now define the Rademacher complexity based only on the “active”
examples as

R,(P = sup
91,92 6%-1

nY el — 92)(X5) 14, (X5)|.
j=1
Finally, denote

+

n n

o0 = & [fzgw + D

With these definitions and notations, we can now introduce the following modification
of Algorithm 3 of Section 3.

Algorithm 4
Go = G;
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for k=1,2,...,
Ay = {w : 391,92 € Gr—1, g1 () # 92(56)};
Ny 1= min{n eEMn>ng_q: U}(Lk) < %5k+1};
Gr, = kalmgpk(g(sk%

end

Remark. One can also use in Algorithm 4 the Rademacher complexities defined as
follows:

~

R,(f) = sup
gl:QQGQAkfl

n 'Y eilgr — g2)(X5)
=1

In this case, not only the active design points, but all the design points X; are used to
compute the Rademacher complexities and to estimate the sample sizes n;. Note, however,
that the labels Y} are not involved in this computation, so, the algorithm still can be viewed
as “active”. The resulting algorithm is a modification of Algorithm 3 from Section 3.

In the case when G is a VC-class of VC-dimension V, we will choose M := {2F : k > 0}.
We will also define

tl(cn) :=log(1/cr) + 2log(k + 1) + 2log(logy n + 1) + log(24). (10)
This leads to the following result that is a corollary of Theorem 9.

Corollary 12 Let § € (0,1). Suppose that Massart’s low noise assumption holds with some
h € (0,1). Suppose that

70 := sup T7(u) < 4o0.
ue(0,1]

Then there exists an_event of probability at least 1 — a such that the following inclusions
hold for the classes Gy output by Algorithm 4: for all k > 0,

Gp (o) C Gr C Gp(861). (11)

Also with probability at least 1 — v, the following bound on the number v(§) of active training
examples used by Algorithm 4 in the first L = [logQ(l/é)] iterations holds with some
numerical constant C > 0 :

70 log(1/6)

v(8) < O

Vlog 1o + log(1/a) 4 loglog(1/4) + loglog(1/h)|.

In particular, it means that with probability at least 1 — «
Gp(6/2) € G1, € Gp(160).

Proof We only sketch the proof here, the missing details are not very complicated. The
result follows from Theorem 9, more precisely, from its modified version that takes into
account the slight changes we made in the definition of the Rademacher complexities. The
inclusions (11) follow from this theorem in a straightforward way. To prove the bound on
v(d), one has first to bound the quantity 6. This computation was essentially done by Giné
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and Koltchinskii (2006) (it actually leads to the bound of Theorem 11). Namely, with some
constant C,

V 14 log(1/a) + loglogn |V \/log(l/a) + loglogn
< - — .
O Cl[ thgT< h2)+ nh /\ n+ n

As a result, the following upper bound on (o), > ¢ holds with some constant K :

o= ( [(ZL log 7o + log(1/a) + IOgIOgZ(;/(S) + loglog(l/h)] /\

[I/+_log(l/a)-+10g10g2(1/5)]>_

o2 o2

Note that, under Massart’s low noise assumption, formula (9) for the excess risk implies
that for all binary classifiers g

E(teg) = hll{x : g(x) # g«(2)}-

Hence

F(o) C {Eog 19 € gg/h}.

For the sets A(o) used in Theorems 9, this implies the following:

A@) ={@y): s [filz.y) - fale.y) > o} C
f1,f2€F(80)

{(:E,y) : sup |(Ceg1)(x,y) — (£ ogo)x,y)] >ca} =
91,92€G(80/h)

{2:301,92 € G(80/h) : g1(w) # ga(@) fx{~1,1} = {2 : 3g € G(80/h) : gla) # g (@) | x{~1,1)

(we used the assumption that g, € G and, hence, g, € G(80/h)). This implies, by the
definitions of the functions 7 and 7, that

7(0) = P(A(0) < 11({w: 39 € G(80/h) : g(2) # g.(x) }) < %"T(&r/h).

Using the definition of 79, we conclude that for all o > ¢ 7(0) < ¥P0. It remains to
substitute the bounds on 7(0) and 7 (o) into the bound on v(d) of Theorem 9

) <et Z j+1 -1),

6;>0
say, with ¢t = e. This gives

psog (s

log(1/a) +loglogy(1/6) + loglog(1/h) | 870
Si41h h Tl

log 9 +
djr1h s
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which is bounded from above by

70 log(1/90)

C 2

V'log 19 + log(1/a) + loglog(1/9) + loglog(1/h)|.

with a properly chosen numerical constant C. Also, it easily follows from the probability
estimates of Theorem 9 that the above bound on v(9) holds with probability at least 1 —a. B

Finally, we discuss the properties of Algorithm 4 under Tsybakov’s low noise as-
sumption. Namely, we assume that for some v > 0, for some constant B and for all
t>0

[H{z: |n(z)] <t} < BtY.

It is well known that under this assumption the following bound on the excess risk holds
for an arbitrary classifier g :

Ep(Leg) > cll"({g # g«}),
1+v

where kK = =1 and c is a constant that depends on B,x. We will assume in this case
that G is not necessarily a VC-class, but it can be more massive. For instance, denote
N(G; Ly(I1,,); ) the minimal number of Lo(II,)-balls of radius € needed to cover G and
suppose that these covering numbers satisfy the condition:

A\ 2P
log N(G: Lo (ITy); <) < <> e 0.

for some p € (0, 1] and some constant A > 0. Then, the following upper bound on the excess
risk of an empirical risk minimizer § holds with probability at least 1 —e~" :

1 —k/(26+p—1) ¢ r/(26—1)
5P(f0§)§K<<) + () >,
n n

where K is a constant depending on x, p, A, B. The bounds of this type were first proved by
Tsybakov (2004) (see also Koltchinskii (2006, 2008)). It easily follows from this bound that

in order to achieve the excess risk of order § one needs O<5_2+(1_p)/ ”) training examples.

We will now consider Algorithm 4 with M := {2¥ : k > 0}, and with the real numbers
tl(:) defined by (10).
This leads to the following result that is also a corollary of Theorem 9.

Corollary 13 Let § € (0,1). Suppose that Tsybakov’s low noise assumption holds with
somey >0 and B > 0. Let k := HT” Suppose that

70 := sup T7(u) < 4o0.
ue(0,1]

Then there exists an_event of probability at least 1 — a such that the following inclusions
hold for the classes Gy output by Algorithm 4: for all k with 6, > 9,

Gp(8k) C Gr. C Gp(86%). (12)
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Also with probability at least 1 — v, the following bound on the number v(§) of active training
examples used by Algorithm 4 holds with some constant C' > 0 depending on k,p, A, B :

v(8) < Cro |6~ 2HEA/% 4 57212/% (1og(1 /ar) + log log(1/4)) .

The proof is similar to that of Corollary 12. In this case, the improvement comparing
with passive learning is by a factor §1/%.

Remark. Alternatively, one can assume that the active learning algorithm stops as
soon as the specified number of active examples, say, n has been achieved. If L denotes the
number of iterations needed to achieve this target, then 8J; is an upper bound on the excess
risk of the classifiers from the set G ;- Under the assumptions of Corollary 12, inverting the
bound on v(9) easily gives that J; is upper bounded by

nh?
exp{ _/8 027_0 } )

1
Viog o Vlog(l/a) Vlog(nh?/Caty) V loglog(1/h)

with some numerical constant C5. Thus, the excess risk of such classifiers tends to zero
exponentially fast as n — oo. This is the form in which the excess risk bounds in active
learning are usually stated in the literature (see, e.g., Hanneke (2009a, 2009b)). In fact, this
is a refinement of the bounds of Hanneke that were proved for somewhat different active
learning algorithms (see Hanneke (2009b), theorems 4, 5). Similarly, under the conditions
of Corollary 13, the bound on J; becomes

(7’0> K/ (2rtp=2) \/ (7’0 (log(1/) + loglogn) > K/ (26-2)

n n

where

5=

(compare with Theorem 6 in Hanneke (2009b)).

Remark. Although we concentrated in this section only on binary classification prob-
lems, the active learning algorithms described in Section 3 can be also used in the context of
multiclass classification and some other problems (e.g., estimation of non-smooth regression
function and estimation of level sets of a probability density). Recall that in the framework
of prediction with a general loss function ¢ described in the Introduction,

F:=/le(G:= {Eog:geg}.

Following an idea of Beygelzimer, Dasgupta and Langford (2009), one can now replace the
disagreement set Ay for the class F_1 = £ @ G;_1 involved in Algorithm 3 by a larger set

A = {<x,y> 01,92 € Gt s 00/, 1(0) — U0 )] > ask} _
y'e

{x 301,02 € Gt I 1(0) ~ 392 (0)| > cak} <T.
ye
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This leads to the following modification of Algorithm 3:

Algorithm 5
Go := G;
for k=1,2,...,

Al = {33 2 391,92 € Gr1 supyer [4(y, 91(z)) — Ly, g2(x))| > 05k} x T.
Ny = min{n eEMn>ng_q: Uék) < %5k+1};
Gr = Gr1 N Gp, (36k);

end

The Rademacher complexities of classes F, = £ o Gy, (the quantities UT(Lk)) as well as

active empirical measures P, involved in this algorithm are now based on active sets AZ
Clearly, only the labels of active examples are used in this version of the algorithm. If now
we define

7(8) = 11({: 391,92 € Gp(85) 51D |y, 1(2)) ~ Uy, go(a))| > 3} ).

it is very easy to check that the statement of Theorem 9 still holds for such a modification of
the algorithm. At the same time, it is not clear at this point whether a modified definition
of disagreement coefficient in the paper by Beygelzimer, Dasgupta and Langford (2009) can
be used to analyze the properties of active learning algorithms of this type and whether it
is possible to extend such an analysis beyond classification and similar problems.
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